Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



^UJ^^^^W" 



. ^ 



A 544531 



Tkc Gift of 

WILUAM H. BUTTS, PLD. 

A.B. 1878 A.M. 1879 

Teacner of iriatnematics 

1898 to 1922 

Assistant Uean, OoUetf e of bn^neerintf 

1908 to 1922 

1 rofessor Ciiieritas 

1922 



m 



.N 



/& '-' ?• 



1 



3S" 







^.^.J^^yAM 



^ Cx^-C-^...<^>Vr.'. /«« 'X A : y .. <. .*Ji^ 



l/..il 



.. . . ... .J 




v 11 



' ^ 



g.,^..^,^ w,.jM^~ 



I 




THE 



DOCTRINE 






O F 



PROPORTION, 



A RITHMETIOAL 



AND 



GEOMETRICAL. 

Together with a general Method of arguing 
by proportional Quantities. 



Si, Proper tienis Doffrinam e Matbefi ahftukris^ nihil 

fere praclarum aut egregium relinques. 

. Wh. T^ac, Eucl. 






LONDON, V (AFOBD. 

?rintc!ti for J. Nourse, Bookfeller in Ordii 

to his MAJESTY. 

MDCCLXIII. , 



r V 



f « 



A**,.-^ 



PREFACE. 



f>INCE all manner of quantities require to 

. \ he compared together^ in mathematical com-- 

putations^ and. their various relations Jearcbed 

• outMnd determined \ and as trtoji of our knowledge 

^ in mathematical fubjeSh depends on the proportions 

\ tf Jeveral things to one another : fo it is requifite 

^that the nature of proportion^ and the methods of 

» f'eafoning thereby y be diJlinSlly laid down and well 

^ under food It is a method of reafoningfo very, 

^ Jhort^ fubtle^ folidy and certain, and likewife fo 

ufefid in all parts of the maihematicSy that it is 

impojfhle to make the leaf progrefs without it. It 

is the marrow of the mathematics^ and the very 

foul of geometry and geometrical reajoning. Inhere ^ 

fore it is abfolutely necejfary, that every one who 

expeSh to fucceed in his mathematical fudiesy 

Jhould make himfelf acquainted with the nature 

of reafoning with proportional quantities^ and be-- 

come ready and quicK in the ufe thereof. 

J had ' before y in the Treatife of Arithmetic, 

iemwjirated fome few things relating to proper-- 

tions ; kut no more than I bad then prefent occqfion 

for^ in treating of the properties of numbers. 

But in this fmail traSt^ I have demon/lrated the 

/ doSirine of proportions univerfally, for all quanti^ 

^ tijes wbatjoevety as well as numbers. 

A z "Xbe 



iv The PREFACE. 

^be method I have here foUofwed is this : SeSt- 1. 
treats of arithmetical propcrtion and ^progrejjion. 
And SeSi^. IL of geometrical proportion. And 
her/m I hflve taken the liiberty to deviate from Eu- 
' clicf, by giving a different definition of proportional 
quantities ; his being abjlrufe and unintelligible^ 
efpecially to young ^ Jtudents. This here laid down 
yeing evidently agreeable Jo ^ and deducible from^ 
the firfly fmpky and natitral idea nice form of 
proportion. Neither have I followed his order 
of propoftionSy or method of demonjlratign : but 
have omitted many of his proportions as of little 
life J and added feveral other more ufeful 07ies^ 
which he had not. And thefe I have demonfirated 
from that mofi fmple idea of proportion before 
mentioned y with the greatejl eafe and perfpicuity 
imaginable. And becaufe the method of arguing 
by a general proportion is vnjlly fhorter and eafier 
than the common way with four terms -, therefore ^ 
I have in Se£t. III. demonfirated the fundamental 
propofitions it depends on ; and has fhewn and 
explained the way of proceedings according to that 
method. And therefore I hope this will both infiruSi 
and delight the diligent reader. 



W. Emerfon, 
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AXIOMS. 



w 

1. The whole is equal to all the parts taken to- 

gether. , 

■ 

2. If equal quantities be added to equal quanti- 

ties ; the fums will be equal. 

3.. If equal quantities be. taken from eqijal quao!- 
'^ titics i the remainders will be equal. 
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4. If equal quantities be equally multiplied -, the 

products will be equal. . ; .' • 

5.. If equ^ quantities be divided by .equal num* 
bcrs; the quotient:^ will be equal.. 

6. Equ^; quantities have 'the fame. propbrt:ion to 
any third qXiantity :' and any quantity has the 
., ,lame.r^tiQ to equ^I quantities. 

.7.^ Thjfe xjuantities are cqijal, that have the fame 
ratio to any third -, or when a ^ third has the 
fame ratio to each of .them. 






8. Thofe ratios or quantities, * that are equal to a 

third, are equal to one another... . . 

9. A greater quantity J^ a greater ratio to a third, 

than a lefler quantity has. And that which 
has the greater rati^,. is the greater quan- 
tity. 

10. If there be two equal ratios, aijd one be 
greater than a third, the other will be 
greater -, if Icfs, the other will be lefs. 
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7%e Jignification of the Signs or CbaraSIcrs 

here ufed. 

^ to be added. 

« 

— to be fubtrafted. 

"X multiplied by, or AB is A multiplied by B. 

A 
~ divided by, or -g is A divided by B. 

= equal to* 



• • 






• 



•* 






geometrical proportion, as A : B : : C : D^ 
ftgnifies A is to B, as 'C b to D. 



*0C is as ; a mark of general proportion* 



continual proportion, or geometrical pro* 
greflion. As A : B : C : D -ff-, %- 
tiilies that A Is to B» as B to C, as C 
to D, ^r. 

arithmetiod proportion, as A • B \* C . D; 

arithmetical progreffiOn«; 
hairmonic proportion; 
harmonic progrefiion; 



SECT. 



, JS £ C^ -T* J» 

Ailthmetical Proportion* .. 

1- ARITHMETIC proportion, h tht rih- 

^j^fj[ tion that two quantiiSes, of the fame kind* 

We to x»ne ^nochet, m :ii;fpk3: <if x\it\r 

jdifibronc^. The fot-^iner ^ucuiti^ is ciatilod tiHp iM» 

undent ; aivi 'the latter^ the cot^acni^ Ami «iie& 

ans cahied the tern^ of tbt preportton^ 

a. £4jfio «s the diflference becwMn she anteccfdeoi 
and coniequent. Therefore arithmetic ratio is (£ 
the fame kind as the quantities theriifelVes. This is 
conrunonty caikd'the tmntm Aiffintnct. 

3« S^amidesmrUimiiicaify pmotiioMl-^ zte thoft 
iiiac4iaa^e:ihe ^carithnieticTafiOi ithstiVomfosfiL 
tim and two ) f^ that -^e Ahtocedeots^ m^ i}e evety 
Hfhere^ubtrafMfr^n^the-cerire^imtits^ or ^fc^kte 
confeqqents from the antecedents. . 

44 CoRtimied proportion xs ^en tfte4lrft hwthe 
feme proportion-to the lecond^ iu the ftcoiid ^o^ 
third. 

^« Arithmetical prtgr^on, is when a (erles of 
quantities at-e in t\^ fame ^arifhcpctical proportion. 
Or whfifi they incrc^fe, or decrcafe by equal iiif- 
Jfcrences. 
; 6u M^mt pripcr/ion, and j^mJ0on^ is \^h<a 
't!hfcreis a Juries of quantities, whepe the numera- 
tors tm tfae-^me^ ^ndthe denooiki^lors'^ «idi>tne» 
ticj>rogref&on. 

^' A^ ?ROF. 



ARITHMETICAL 

P R O P, L / 

If four quantiHes are arithmetkally proportional^, 
A . B\* C • D ; the Jum -of the extremes is equal to 
thefum of the means^ A + D = B + C. 

For A — B = C — D (Dcf. 3), and adding 
B-MV-A — 8-1-84. D -s=-€- +• B -^ D + £> 
(Ax. 2) 5 that is, A + D = C + B. 

I 

Cor. If three quantities he in.aritjhmeticprogrejfiony 
thefufri of the mremes is double the mean. 

-''• ■ ' ^ ' ' '. . ■ ' ••• '. 

/ ' P R O P^ IL 

y If there be two ranis of quantities in arithmetic 
^oportioHi their films- and diffierencesfhall alf&"be ih 
arithmtic pr^ortion. - If A: . h \* C . D,- and 
P.CL\»R.Si /*«»A+iF, B + (>%•€+ R: 
D '+ S, and' A — P .-B — O %• C—R . 

For let A r- B .== C ^- Bts-w^ ^nd CL— P = 
&— ; R = «. Then B = A -.^. », D i= G— w, 
f^ P + «, :& :wR + «. AndB + Qss A -* jw 
•H-B4- », D + S = C.^ » + R + ». But 

A + P . Ai-r.w.4- P — » ••• G.-f R . C >i- i»H.» 
R + » (Def.3). .. ; . - r ..: 

tfi-Agiiri, Bt"^ 0;;=! A -^ w-^- 1} r^-a, and O.— 

&« Q -^.W -rr-Rir-'H. ButiA. A* P ; A — «;— ? 

P — »*.'C — R.C— « — R--« (DefTj). :.• 

: • : ■ -Pkiof*. ni.'- > 

'*Jff /i^r^tf quantities are in drithmettc progreffm\ W 
U^angle of the (xtremes^ together^ wifb the fquarei of 
the common diffetente^ is equal ir^' the fquar e of th 

S9iddle^ term.: .M.A.^^iC rf, JM» AC + ftrr-A* 
= BB. 



.* k 



For let D =; B — A = C — B, a nd A = B — D. 

C = B + Di thenACi=|J— ttxF+U=BB 
4. BD — BD — Dt) =;- BB -ii BD. And AC-— 
DD =BB (Ax.*).. ;•• . ^a V 



■ . . . ( 



,♦*• 



A • 



Cor. Afet of arithmetical ^ropqrtio^^^h^ whofe ctm-^ 
mon difference is etfCeedin^fmdlly is nearly^ a fetsof.ge^- 
metrical proportionah. See the ncxffetfUbn. - 



» • < » 



■ In' a 'ferits of quatttitieT in aritimetit&f- prcgrefffyn-^ 
the fumof the eoct/iemwvs efMl'<t</-ii^'fm-ofatty4v^ 
mans, 'equally ^antjrfink the efctfi/^ml: If A - -B-?! 
C . ET, E . F . G -rr-.. (then A +* G ::^i+. F b, 



( ' « '.* f _ ' V 



For fince A '. B •!• V .. G (Def/5), . theref<?re 
A + G = B, +.F Ci»H)p;i). Arid-finde B . C>; E . 
F, therefore C#-fi^B + F= A 4.-<5/^f. * '^^ 

Cor. Hence the^Jpn^ i^f/tl^ extremes 2S_JouMe fhi 
mean^ when tbe-nurnber of terms fsivdi. "^ 

.P 'R Q P. V.^ 

,, If Mt of a feries ^f gn^ntifiesjft arithmetical ^o^ 
greJ[ioni there be. tftJ^en^myfexieV^^^ ^^*¥>» 

thisferies will alfo be in flrtttmetic'pKQgrjsBon. . \ '\ • '* 

^a.b;c.d-e;f;g.h:t:'k*.l:iv^-^. 



For C — B =: D — C =£"E -^S ==-R, aha 
adding- all together, Er — B = 3R. i ' ' < 
Alfo ■ F— E=^-Gi-F=±iI-:nG= R,'iiid 

Again,;. I -,H>=iki-- I =;: L --t K = R, and 
L— 'H = 3R, 6?f.-..« . ... • 

Therefore, E— B = H— E = L — H (Ax, 8). 
And B.E.H.L-r- (Def.5). • -7 " 

PROP. 



•» # 



GEOMtTRJCfAt f JtOPJOAtlON. 

from the third to. the fourth, as if A, B, C, D^ 
be four quantities '; then it is ' direlily A : R. iv^ 

c ; D. 

7. Reciprocal or inverfe frefortiony is when one 
fort of quantity increafes, in the famfc proportion 
that another decreafes. ' , . 

8. pifcreei pr<yportion^ ^s when out of four terms, 
the fecond has' not the ftme proportion to the 
tWrd, which: the- firft has to the fccond, or the 
third to the fourth. 

9. Continual proportion^ is when the firft term 
has the fame proportion to the fecond, as the 
fecond to the third. 

. 10. Geometrical progrejfwn^ is when s fct bf 
quantities are in continual pro^tion 5 or when. 
^the firft has the fame ratio to the iecond, as, 
the fecond to the third, and as the third to the 
fourth, and the fourth to the fifth, £f?r, 

11. Extreme and mean ratio^ is when a quantity 
is fo divided, that the leflcr part, the greater part, 
^d the whole, are ia continual proportion. ^ 

12. Complicate ratio^ is that which arifes.by mul* 
tiplying feveral other ratios together. 

13. Duplicate^ -triplicate^ ratio^ &c. is the 
fquare, cube, t?^. of fome given ratio. 

14. Harmonical ratio^ is when a quantity is di- 
vided into three parts, fo that the whole is to one 
part, as the fecond part to the third. And when 
the (econd and third are equal •, it is called barmnU 
proportion continued. ', ' 
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10 GEO METRICAL 

V R OP. L 

Jf fevtral' pairs of quantities are itt the fame frk^ 
f»tm^ A t B r ; C t £> : : E : F : : G : H j 
then, as awfrovtetaifnt t^its amf^uewti^. ft is any other 
antecedent t'o its cenfeauent, A : B : : G :. H. 

• 'Forfuice -g =: g = jr = u (De£ 4), therp-' 

fore g- =r u f Ax. 8).} whence A '. B : : G : H 

(Def. 4). 

PROP. IL 

If four quantities are proportionate A : B : ; C 
r. D ; and if the faft A^ be greater than the fseond 
' B'V fb€nth( tbiriC, fi>Mhe greater than ti>e fo$^th 
B* If effualj they fbali be equally iflefs^ lefs. 

AC 

Foir fincc g- = g (Def. 4), by the oaturc of 

fira^lionai quantises, if A be greater thaa B, the 
quotietit or catkn will be more than i » and there- 
fore C greater tban; IX But if A be equal tx>^ 

g^ == I, and C = D. But if A be left than B^ 

tke quotient is kfs than 1, and tiierefore C \ti^ 
than D. 

PROP. HL 

If four quantities^ are proporHonaU A : B : : C : D ; 
ttyey fhall alfo he proportional by reverjion \ that is ^ the" 
feeond B is to the firfi A ; as the fourth Dy is -tc the: 

third Ci arB : A :: D : C. 

A C 
For let ^ rz g =: r the, ratio, then A = Br^ 

A C 

and C = Dr (Ax. 4) ; and B =: — , and D = -- 

(Ax. 5) 5 alfo -r == -, and 7=^ == - (ib.) ; whence 

I = g (A:?. 3) 5, therefore B : A : : D : C 
(Def. 4). ' PROP, 



^> 



PROBORTIOJ^ 



11. 



PROP, rv*. 

If four quantities of the fame kini art proportionate 
A :/ B : : C : D 5 tb^ fi^afi iep'opartional dter^ 
nately or by permutation ; that is^ tbefirfi A, Jhall he 
$0 ike tbird^C Sf as tkejecon4 B, is to the fourth D. 

z^ r, then A = Br, and C =r 

A Br B» 

Pr (Ax. '4) i then ^ =^ = g (Ax. 5) i thcre» 
forcA : C ;: B : P (De£ 4), 

P B: Q P, V. . 

Quantifies are in fBe Jamt ratpea tu tBar tcjid'^ 
'ipks% A : B : : pA. : »B.. 



For letg = ^ 




Fm (t)^ is- ^ ^^ th<KiE A-s Br (Ax. 4>f and «ik. 



B 



«A - A 



= »Br (ib.) i vtd ^ = r (Ax, 5) j therefore ^ == 
rg. (Ax, 8)5 therdfofc A : E: mA : ;iB« 

Cor. I, ^ntitieA are in tbi Jiime ratio^ m* tbm^^ 
^^ parts, 

nK 'n& 

TqtnA. : ifB^i : --- : —. : • A : B. 
, n n 

Cor, 2. The like parts of two quant^iis^ taken am 
f^ual number pf times ^ are as the quantities tbemf elves. 

Uf<^ quantities are proportional^ A : B ; : C 
: IJ; and two. homologous or anafogous terms be both* 
of them ^aily mukifJieiy at 4r&idedi the four terms 
willJiiU 6c prx^poriiomL : 

Fqf C ; D ; : »C : »D (Pr; V) : : ^ : 5 (Pr; 
Vf Con ij ; therefore - A ; 3 : : »C : »D : : 

- : - (Prop. I). ^g^j^ 



_^ » 



11 GEOMETRICAL 

Again, A : C :\: B : D (Pro^. IV) i.nBinD: z 

: ^ (Prop. VI); ; Therefore^' A : »B : "; C : . »D. 



B D 

n 

And A : ^. : : C ! ~ (Prop. iV): ; 



Cor. irlftwocorreffofident terms he multiplied 
iy. one numker^, and the. other two te^ms by another 
numher\ the refuliing terms will be proportional: 
i^ A : B : : C : D, then. mA : mB : : nC : «D | 
or mA : »B : : mO : nD. , 

Cor. 2. yind if two correfpondent terms he divided 
ly one number^ and^theJbtber two by another number ; 

the. quotients yWill pje proportional. ., 

Cor. 3. Hence ^ ihftead ofdtfy two correspondent 
tirmsy two others^ pr^poniioMl io them^ may he put 
in their room. 



PRO P.. VIL 

If four quantities are proportional ; and inftead of 
tmo factors ^ in ^ Mo * analogous terms^ if there be Jub^ 
ftituted two. other quantifies^ in the fame ratio ; the 
four quantities win fiill . be proportional : ,If A *. B 
: : PQ^: RS j and Q^: S : : M : N.. Then A ': 
B : : PM : RN. 

For fince A : B : : PQ^ : RS ; by dividing 
the antecedents by P, and the confequents by R, 

^-: ^ : : C^: S : : M : N (Prop. VI. Cor.); thca 

ipultiplying the antecedents by P, and the confe- 
quents by K, we have A : B : : PM : RN. 



PROP. 
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I 
■ - ' 

PROP. VIII. 

If the farts taken away from two whole quantities .^ 
-he as the wholes ; then the remainders, Jball be as the 
wholes, i)^ A : C I : A + B : C + D i thenB: 
D::A'+BiC + D. 

For A : A + B : : G : G + D (Prop. IV) % and i 

A 4- B : A : t G -f D : C (Prop. Ill) j and - 

fl-J— = -^g— (Dcf. 4) } that IS, 1 + ^ = 1 + 

D B D 

^, and -T = c (Ax. 3) ; therefore B : A : : D 

: G, and B : D : : A : G (Prop. IV)': : A 4- . 
B : G + D. 

■ €or. ^.be fame things fuppofed^ the rtmaindefs 
Jball be as the parts taken awa^^ A : B : : C : D* 

, P R'O P. IX. 

^be fum of the great eft and leaft^ of four, fro^ 
port tonal quantities j is.great& than the fum of 'the 
other two.' - * ' . 

Supf ofe A : 'B : : C : t), iatid let A be thfc 

gfeateft term, then of confcquence D is tli6 leaft 

• - • -' • — A* C * ^ • ' '♦ ' ' 

(Prop. II) : then ^ = jc = r. Now fince A is 

greater :than B, r is greater than i, therefore put . 
r = I + J. Whence A = rB = B -j- jB^ and C 
=: rD = D + jD (At. 8). Then A + D - B + 
jB + D, and B + C = B + D + jD. But B is 
greater than D^ land jB greater thart jD ; therefore 
B + D + jB is greater than B + D *^ jD -, or A ' 
+ D greater than B + C. . ' ^ 

* » - . 

Cor. The fum of A and D == fum of li and C 4- 

r — I X BITD. 

B • ' : For 



14 GEOMETRICAL 

Fo r one of thcfc fums exceeds the other by 

P R O P. X. 

If fever al quantities are proportional ; A : B : : 
C : D : : E : F : : G : W^ as one of the ante- 
fedentSy to its cqnfequent •, fo is ihefum of aU the an* 
tecedentSy to the fum af all the consequents -, A : B : 
A + C + E + G : B + D + F + H- 

For let ^ = r, or A ;= Br, C = Dr, E=^Fr, 

G =: Hr, and A + C + E-|-G = Br + Dr + 
Fr + Hr = B H- D -f F + H x> (Ax. 8)^ 

, - A+C + E + G B + P + F + H.xr 
therefow5--5qp.^q^ = B+i^^F + h ' 

' = rj therefore | = g^gil^fli therefore, &?f. 



PRO P. XL 

If there le two ranks of proportional quantities^ 
and the two means he the, fame in both i the extremes 
will he reciprocally proportional. ^ A : B : : C : D, 
«»</ E : B : : C : F } /-&«» A : E : : F : p. 

For let^ :^ g = r, and flnce B : E : : F : C 

B F • ' 
(Pr. HI) i therefore let ^ s: ^ = *. Then rs = 

AB CF^. X ,.,A F 

I X I = 5 X ^ (A«. 4)i «b« is,'g- =: 5 i or 

A : E : r F : D. 

Cor. In two ranks of proportional quantities^ if 
the extremes be the fame in hth 5 tbi mans will bfi 
reciprocally prtiportionah 
• - For 



PROPORTION^ 15 

For if B : A : : D : C, and B : E : : F : C; 
then by revcrfion A : B : : C : D, and E J B 
: : G : F. Whence A : E ; .: F : D (Prop. XI). 

t 

PROP. XII. 

If four quantities are proportional 'y A : B : : C : D; 
the produS of the extremes ii equal to the proiuH of 
the meansy AD r: BC. 

AC 

For let g^ r= g = r, then A b= Br, and , C = 

Dr (Ax. 4); whence AD = BrD, and BC zz BrD 
, (Ax. 4) ; therefore AD = BC (Ax. g). 

Cor. I. If twi^ proiu&s are equals AD rr BC ; 
the Jides or favors are reciprocalhf proportional^ 
A : B :: C : D. 

For kt A : B : G ; Q^ then AQ^=: BC (Prop. 
XII). ^i Ap (hyp.)-, therefore Q^::i D (Ax. 5) j 
and A : B : : C : DJ(Ax. 7).n 

Cor. 2. If three quantities are continually proper^ 
tional \ the reitangle of the extremes is equal to the 
fquare of the mean. And the contrary. 

, Cot. 5. In four proportional quantities^ if one 
extreme be multiplied by, any number j and the other 
' extreme, divided by it ; the quantities willjlill be prOr 
portianal. The fame hol4s of the means. Ccnfequently 
any two factors in the two extremes may change places ; 
^ in the iwo means. 

For if A : B : : C : D, thcii AD =: BC, and 
nAD = lOC <Ax. 4); theft «A rB :': nC : D 

(Cor. 1) : : C : ~ (Cor. j._Prop.-5). 
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i6 GEOMETRICAL 

Scholium. 
It IS fuppofed here that two analogous terms^re 
numbers, or at Icaft, that they are reprefented by 
nuipbers. 

PRO P. XIII. 

If four quantities are proportional^ A : B : : C 
: D ; and if the analogous terms be compounded any 
way by addition or fubtra£iion ; fo that both pairs be 
, ordered alike j then they will Jiill be proportional. 



If A 
Then A 
A 
A 
. A 
A 
B 



: A • 
: B . 
+ B 

— B 

— A 
A + B 
A + B 
A : B : 



B :: C 

A + B 
B 

A" 
B 
B 
B 

A 



D. 

: C : C + D. 
: C : C •— D. 
: C : D — C. 
C 4- D : D. 



• • 



B — 

A — 



C 
D 
B 
A 
C 
C 



D : D. 
- C : D. 
: C + D 
: C + D 
B + D. 
B — D, &?r. and the 



C 
D 



C. 



A : B : 

reverie thereof. 

For in any cafe, the product of the means is 
equaji to the produft of the extremes. ' 

Cor. JVhen the qitantities are compounded after any_ 
of the foregoing ways y then it will be^ A : B : : C : D. 

• ■ • 

PROP. XIV. 

If one quantity has the fame proportion to fever al 
quantities feparately ; as a fecond quantity has to 
as many others : then, tbefirfl has the fame proportion 
to the fum of the firft fety as the fecond has to the 
fum of the laji fet.- 

G 



If A 



SB ::-F:rG 
c in 
D ll 



then A : B + C + D 
F : G + H + I. 



w • 



4 



For 




PROPORTION. 

G 

A : : H i : F (Prop. Ill), then 
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= p j^=: f (Def. 4). There- 

^ ^ . ^ , D B + C+D G , H , 

fore v + T + V or ^ — = -c; + tr + 

A ' A ' A A Ft' 

^ or ^ t ^ + ^ ( Ax. 2) i therefore B + C -f D 

: A x G 4- H + I : 'F (Def. 4) -, and A : B -|- 
C + D ::F : G + H-j-I (Prop. III). 

' ' • _ V 

t , ■ ' 

Cor. 1 . If one quantity he feparately to two quan- 
tities I as a fecond is to two others : the fir ft will be 
to the difference of the firft two \ as the fecond^ is to 
the difference of the laft two. 



//A = 12=;": 
F;G — H. 



IS- 



llhenh : B—C :: 



-. For then.-- — !- = p- -r- ^ (Ax. 3) ; and 
B — C G — H 



Cor. 2, the fame thingJ fuppofed as in Cor, i, then 
B : C :: G : H. 

For — = ■=, and — . = p, whence B : C : : 

(» /^ /-% F¥ . \ ' ' • *"• 

v or |;. ; ^ or ■^•'') G : H (Pr. V. and Cor. 1). 



5 3 



PROP. 



i8 GEOMETRICAL 

PROP. xy. 

If tbtre he two ranks Qf quantities ; and it h, in 
thefe two ranks^ as the firfi to the fecond^ fo is ths 
firfi to the fecmd \ and as the fecond to the third^ 
fo the fecona to the third ; and Jo on : then will the 
firft be to the laji^ as the firfi to the lafi^ in the txff^ 
ranks. If Ay B, C, D; andF^ G, H, I, are tw^ 
ranks ; and it ^^, A : B : : F : G, and B : C 
: : G : H, ^;«^ C : D : : H r I 5 then K : X} 
:: F : I. ' 

,For 3 = Q. and ^ == H' ^"^ B^ I ^^^' *^ • 

, -r ABC FGH,. " A F , 

therefore -g^ = ^jjj (Ax- 4), or g = j ; that 

is, A : D : : F ; !• 

PROP. XVL 

If two or more rows of quantities are refpeClively 
froportional ; the like terms are proportional^ in any 
two rows. 

i^ A : B : C : D : : P iQj. R : S. Then B : 
P : : CL : S, fcfr. 

Quantities are refpeSlively proportional^ whea in 
the , feveral rows, the firft term is to the firft, the 
fecond to the fecond, the third to the third, ^e. 
in the fame proportion. And like terms are thofe 
that are alike fituated in all the rows ; as the third 
term and the third, the fourth and the fourth, fcf^. 

For fince B : C : : Q;: R^ and C ; D : : R : S, 
>thcreforc B : D : : Q^: S (Prop. XV) 1 and fo 6f 
others 

Or thus. 

If thefe are re- A : B : C : D : E 
fpeftivcly propor- F : G : H : I : K 
tional, L : M : N : O : P 

Q^: R : S : T : V 

then A : D : ; Q : T -, and fb of 

Others* For 
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F'or A : B : : Q : R, and B : C : : R : S, 
and C : D : : S : T. Thcrefoi* A : D : : Q^ 
: T. In like mannef G : K : : R : V, ' and 
A : E : : L : P, and B : E : : R : V, yc. aU 
the ways they can be thus compared. 

I 

PROP. XVIL 

If there he two fets of quantities ; and if it be as 
ibefirft to the fecond (in the firfi fet\ (0 the laji but 
cne tO'tbe laft (in the feednd fet) ; ana as the fecond 
to the thirds fo the lajl but two^ to the laji but one ; 
andfo on, Then the firfi will be to the laft (in the firft 
fet)y as the firft to the laft (in the fecond fet). 

Firft fet A, B, C 
Second fet F, G, H; 

^ A : B : : G : H, ^»i B : C : F : G, &?r. 
then A I Q :: J : \i. 

A C B P 

For -g = g, and c = g ^^^^' ^ ^^"* ^^^^^" 
^^^^ BC ~ HG ^^** 4)* or ^ ;= ^, an<J A : C 



» • 



F : H. 



PROP. XVIII. 

If there he four proportional quantifies in one rank^ 
and four more in another } and fever al Juch ranks % 
then the produHs of the Uke terms will be propor- 
titmh 

^ A : B : : C ! D, 
and F : G : : H : I, 
<»»i P : Ct : : R : S» 
then AFP : BGQ^ : : CHR ; DIS. 

For -g = g, and g = j, and ^ = -g (Def. 

4), therefore ggq^ = -^^ (Ax. 4), oc AFP j 

BGQ. ; : CHR : DIS. 

B 4 . Cor, 



2Q 



GEOMETRICAL 



Cor. t. 1/ A 
and B 
and P 
then A 



B 
P 

Q. 



C : D, 
H : I, 
R : S, (^c. 
CHR : DIS. 



For ABP : BPCL: ; A : Q^: ; CHR : DIS. 

Cor. 2. The fame things fufpofed with two ranks of 
troportionalsy the quotients of the like terms will be pro- 
. . , A B C D 

forttonaL F ' G ' * H * T' 



For AD = Be, and FI ^z GH (Prop. XII); 
therefore -rrr- m ^^tt (Ax. 5) ^ therefore p • g • • 

CD' 

U : J (Cor. I. Prop^ XII), 

Cor. 3* The like powers^ or the like roots of proporr 
iional quantities^ will be proportional, ij^ A : B : : 

C : D, thenM" : B« : : C« : I>, and^'yfK : ^B : : VC : 

VD : n being, any number. ' . . , 

This is plain, by fuppofing A, F, P all equal '\ 
as alfo B, G, Q; and C, H, R i and alfo D, I, S. 



PROP, 



* ' 



PROPORTION. 



it 



PROP. XIX. 

; ' If between atiy two quantities fropofed^ there he 
interpofed any number of terms ; the proportion of the 
firjl to the lajiy is compounded of tbefirft to thefecond^ 
V ibefecondto the- thirds andfp on to the laji. Suppofe 
A,B,C,D, E,E. • ^ 

. The proportion of A to F, is i^ompounded of A to 'By 
B to C, C toDy p to E, andE to F. 

. A B C ■ ' D- E ABCDE __ A ,, 

^^'* B ^ C ^ D ^ E ^ F *'" BCDEF "" F' *^ 
the intermediate terms deftroyingone another, in the 
dividend and divifor. . 



t>ROP. XX. 

In a feries of quantities in geometrical progreffion^ 
A : iB : C : D : E : F : G -ff' 5 \the product of the 
extremes is. equal to the produSt of any two means^ 
equally difiant from the extremes : AGi= BF = CE, 

For fince A : B : : F : G (Def» io)» therefore 
AG = BF (Prop. XII). And fince B : C ; : E : 
F} therefore CE ^ (BF=) AG, and fo on. 

Cor. Hence the produSl .of the extremes^ is equal to 
^ the fquare of the middle term j when the number af 
terms is lidd. . 






• • 



« k ■*. 



PROP. 



I J 
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PROP. XXL 

If, out %f * /tries ef quatttUitt in geometriesl prO" 
^effi»Hi tb&t bt taksn any farm «f tquidiftant termt i 
that feries will alfo bt in geometrical progrej^ctt. 

7^ A : B : C : D : E : F : G ; H : I : K : L : M, *« ~f-, 
tken B: £: H:. Lorealfo'^, 

^ B C D , BCD , B 

/A A Air E F ^G ,EFG 

(Ax. 4). Alfo 1^ s Q -!!-'■» *^^ FGH ^^ 

£ r tr H I K _^ 1 HIK H 

= r', 6?^. ' Therefore | = | = ^ 6f<r. (Ax. 8) & 
andB : E : H : L £2*. are-H- (Dcfc lo). 



PROF. XXlt 

. ^ there it a ftriet if fuantitits in gemt^al pfg^ 
, treffion^ A : B : C : D : E : F, &c. -H-i their differemis 
will alfo be w the fame getmetrical progrfffiottf A : B : : 
A — B : B — C : C — D, 6?f. 

/ 

% 

For fince A : B: : B : C : : C : D, 6?<r. (Dtf. lO) i 
therefore A:A — B::B;B--C::C:C — D 
(^c. (Prop. XIII). And A ; B : : A — B : B — C, 
smdB : C : : B — C : C — D (Ph)p. IV). That 
is, A : B : C, &ff. : : A — B : B — G : C ^D, 

Cor. Thefecofid, third, fourth differences. Sec. fhall 
alfo be itt the fame geometrical progreffion* 



PROP/ 



PROPORTION. 

PROP. XXIH. 

If $b£r$ h a fmes </ quanlitks in geomeirical frg^ 
gregkn 5 the ratio of the firfi^ to the focini^ thirds 
four thy &c. is in the fmple^ duplicate^ triplicates &c» 
ratia of tbefirfi to tbefecond^ refpeSively. IfAiB: 
^ J T^ o .AAA AA A A» . 
C : D : E, &c. tbi»-g = g^» q= 5g> 15= B'* 

. A _ A* . 

For 5 =§ = § = ^, &c. (Def. to). And 

A A B AA^^ A_^A B C 

E = B ^ C = BB ^""* ^3>' 5 -r B '^ C ^ D 

AJ ,. A A ^ B ^ C D _ A4 ^ , 
=5?' '^<>E= B^C^ D?^ E=B?'^'^• 
P R O p. XXIV. 

^ A, B, C, D, E," fcff. ie a fet of quantities in 
geometrical frogrefion^ whojlt diff^eHces are infinitely 
fmall i and n a*y number \ then it will be, A« : 
A" — B»:: A:»xA — Ik 

Since the difiercnces are infinitely ftnaU, they will 
be (nearly) equa l, A — B = B^C = C — 1>. ^ c. 
and A — C=_A— _tJ + B — C i= 2 x a — B ; 
A — D=:3X A — B; A — E = 4 X A— B» £ff. 
But A* : B» : : A : C. and A' : B» : : A ; P, ^c. 

(Prop. XXIll) J, then 1 

A* : A« — BA : : A : A - C = 2 X A-JB(Pf. XII), 

atfoA»;A»^~B»;; A;A -P=3 xA — tf. 
, »ndA«: A"— B: : A" :»x A— B. 



P R O Pk 



/ 

i. 



I 

A 



1 



n — I 

X A. 
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.PROP. XXV. 

y 

In a rank af quantities in geometrical progreffion^ 
A : B : C : b : E, whofe number is n ; and the ratio 

r= g- ; the laji term (E; = j;;^— ; oV^ 

, Forg =:r, orA = Br,B = Cr,C = Dr, D = 

' Er. . \ ' 

And A = Br = Crr = Dr^ = Er*. 

A ' 

Tl^erefore 5 =2 — the ^d term; 

C zz — thegdterm, 

D = -T the 4th -term. 

A ' 
E == — the 5th term. 

A 

And in general the »*^ t^rm 2: -;—^^ 

PROP, XXVI, 

In a rdnk of quantities in geometrical progrejfiout 
A : B : C : D : E, whofe number is », and common 

ratio r ;= ^ i thefum of (til the terms isy ■ « ~ p 

__ BE — AA 

~ B— A ' ( 

ForA:B::B: C !:C!D::D:E (Def. lo). 
AndA:B:: (r:i::) A + B + C + DrB + C 
■ + D + E, (Prop. X) i tjiat is, (putting S = fum), 
A:B::S— E:S — A. ThereforeSA— AA = 
BS — BE (Prop. XII) ; and SA — SB = AA -^ 
BE, or SB — AS = BE — AA (Ax. 2, 3) j there- 
^ „ AA — BE BE — AA , . . 

^^""^ ^ = A.-B °^ B — A • ^^' 5)- 

Cor. 



PROPORTION. as 

Cor. I. The fum of the terms ~ A + ^_g B, 

V« ' * a" • ' ^ 

- « — « « . 

T, . . A — E-, AA — AB + AB — BE 

For A 4- — — B is:. ' « ■ ' „ ■ = 

^ A — B A -- B 

AA — BE cj - 

A — B » ^^' _ 



Cor. 2. lit a decriafing geometrical progr^oriy the 

fum of all the terms = — ~ — . 

r — I' 



For fince r : i : : S — E : S — A. Therefore S — 
E =2 rS — rA (Prop. XII) j and rS — S = rA — E 

(Ax. 2, 3) ; whence S = — ^^T" (-^* S)* 

Cor. 3. In an increafing geometrical progrefjum \ fut 

B ^ R " — I 

R z= x» then the fum of the terms =■ rr——— A.' 

Fol- B == RA, C = RB = R*A, D = RG = R'A, 
E = rD == r+A, or E =:r"^'A. Buti : R :: 
S— E : S— A, andS— A =: RS — RE.(Prop.XII); 
andRS — St=RE^ A = r»A — A(Ax. 2, 3)$ 

whence S = — — — > (Ax. 5). . ' 



PROP. 



ftS GzoMZTKieAL Fkoportiok. 

PRO p. XXVII. 

in an if^nite decrtafing geometrical progrtjliont A : 
A 

thtfampf oil tbe terms ^'m&mrxim^-ir^^er^— -. 

For the ftm = *^~°^ (Prop. XXVI) i but 

when the progrellipn is infinitely continued, the laft 

tenn E is ff, and then the fom becomes , _^ „. Alfo 

(by Cor. 2. Prop. XXVI), thefum=^:^£^ be- 

"a ■ ■ 

rA 7 »iA 




^7 



SECT, III. 

General Proportions.* 



•»«p^ii^Bw«^«iBM«iwaBBaMBi«MaMpaMHHiaaMaM«a^aaBB««ariM^ 



Definition ami Not,mion. 

IF A, B, C, D, &f^. be ahy variable quantiries, 
and ay b^ r, d^ &c^ other values thercOT -, and if 
they be fb dependent on one another, that when A is. 
increafed or diminifhed to a\ B, C, I>, &^. become 

iy Cy dy&cc. 

Then A OC B, fignifiesihat A is diroEUy as B; or 
that A : a i: B : b. 

Likewile A QC p;^ denqtQs thM A is reciprocallv 
as C, or that A : tf : : i- : i, 

BC 

Alio A OC -^^ figiufies that A is^ dicedly as B 

BC ' 
4uid C, and reetproeaHy as 2>^ or that A : # : t ^ 

be . 

And if AB OC ^* <^ p^uQ of A, B is dite&ly 

as C, and reciprocally as D j or AB : ai : : qi ^* 

And on the contrary, if A : a : : B : ^, then 
A OC B, &f. 

Prop. 



a< GENERAL 



• ^_ 



P R O P. I. 

If one quantity A is as a fund. B ; then, on the telt- 
trarj^ tbefecond Bis as tbcfirjt A. i/f A OC B, tbt* 
B OC A. * 

For A : tf : : B : i (Dcf.). 
ThereforcB: * : : A : a •, that is, B OC A (Dcf.).- 



P R O P. II.- 

If one quantity AisM afeeond B, and tbejeca^d B 
as the third C, and the third C as a fourth £),. &c< 
then the firfi K is as the U^ H, ff AQCB OZ 
C OC D, then A OC D. 

•- For. . A:«:: B :^4.. : .!Z 
and B : ^ : : G : f, ..;„::,.;..- 

and C:f ::D:</ (Dcf.> _ 

therefore Aid'.: t):d (ProJ).,!; Seft. 11).' 
thcrefore A OC D (Def;). ; 

. Cor., If one quantity A /j as a fecond B, tfvi tbe 
fecmd B reciprocalff as a third C^ . Tifr^ the firfi A £/ 

\rmmcalbf as tbitb^d C. j?)^. A OC B' OC ^, fi^ 
A OC ^. 

r 

For A : <i : : B r ^ i ^ : A j and A OC ji 

• \* c ■ , .V* 

(Def.).: : .. * . - ■ • 
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PROP. III. 

If one quantity A. he as a^ fecond B, and alfo as a 

, third C; then the firft A will be as the fian «r 

difference of the fecond and thtrd-, C and D. If 

A OC fi 6C C, /-&«» A OC B + e, ir A OC B 

For A : tf : : B : ^ :• : C : r. Therefore A : « : : 
B 4. C : * 4. ^, or A : 4 : : B — • C :^ — tf 
(Prop.X. Se6t II). And A OC BiC. 

p R o P. iv. 

Either Jide of a general proportioHt tnay be nmU , 
HpSed or dfvidai by atry. given quantity, ^ A OC B» 

then.AQC »B, or,A OC -. 

For A : tf : : B : ^ : : »B mf (Prop. V. Sei|, II) . 

: : — : — (Cor, !• ibid). 

* 

PROP. V. 

If both fides of a general pr<^ortiou be tHubipliedor 
divided ha)^ variable quantity y they wiUJIiU be fro' 
fiortionaf. If A OC B> and C a^ifariable fnantity^ 
then AC OC BC. ^ 

ForA:4i;tB:^(Dcf.). AndCAw<i::CB: 
th (Prop, VI. Cor. i)i thatw, CA OC CB. 

Alio A : o ; : B : ^ » and -ji^i^xi-x i— (Cor. «. 
Prop* VI>} dut is, ^ OC |, 

Cor. ti If Q^oc BC, /i«i ^ oc C, «*/ -^ ' 

is ^ given mtntiPft w always the fame„ 

C • For 



:v / 



^« G Z U E R A h 

For ^g is 4S I, an invariable quantity. 

Cor. 2. If A OZ 4, ihcH B OC 4r* 
•^ B ' A 

For AB oc I (Prop. V), -^ or B QC 4 
(ibid). 

p R Q P. vr. 

Injiead of any quantify in one fide of a generai prd^ 
portion, one may fubftitute any other quantity propor^ 
tional thereto. IfKQk BC, and C QC D\ then 
A CX BD. 

• • For fjnce C OC D, BC oc BD (prop. V) } 
whence A OC BD (Prop: II). " ■''■ 

$ 

» 

P R O E. VIL 

If the twO' fides of one general proportion, be multiplied 
§r divided by the two fides of another general propor^ 
tion\ they will Jiill be proportional. If A OC B, and 

C OZD I tbeu AC OZ BD, and ^ °^ D' . ' 

For A:0 : !.B.: ^, and P :c : : D : </,. ther«fbte 
' AC: dc::BD: i>d (Prop. XVIII. Seft. II) ; that 
is, AC OC BD. 

Andg •• f'-g : 7 (ibid. Cor. j) } '^lat.is, ^ Qp 

B. ' • ,../*.•• 
f5- 

Cor. I . The equal pouters ^r roots cfjhpth fides tf 
any general proportion, ' will fiid be proportional. If 

A OC ^:,jhen A* OC B% A^ OC B^ J^A OC VB, 



PROPORTIONS. 

^his is plain by putting C = A, and D == B, tS(. 

Cpr, 2. -S'' A oc B oc C, then AA Qc BC. 

PROP. viir. 

^ If cfTf quantity QJe as theproduSi of fever al ttbers 
A, B, i^c. then if H, &?f . begiven^ Q^oc A ; and if 
A^ &c. begiven^ Q^ ^^ B. 

For by Prop. IV. fince CL ^ AB, and B given, 
Q^ oc A. And if A be given, Q^ oc B (ibid.). , 

Cor. If afry variable quantity Qjiepends on fever al ' 
others A, B -, and if Q^^ A, when B is invariable ; 
and Q^ oc B, when A is invariable j then Q^ oc AB, 
n^^^;r all are variable. 



PROP. IX. 

\Afry general proportion may be turned into an equor 
tionj'by multiplying one ftde by a proper homologous 
quantity. 

If A oc BC, then A s= » x BC. n being fome 
given quantity. 

For fince A oc BC, therefore A : a : : BC: be 
(Def.)-, and A X ^^ = ^ X BC (Prop. XII. Seft. II); 

' and A = T- X BC, therefore « = 7- the quantity 

afiumed for a multiplier. 

Or if mA — BC, it will be found that ~ x A == 

a 

BCj or that mzz—^ 



a 



PROP. 



3« 



Gen£i(al Proportio'ks^ 
PROP., X. Problem, 



B»C 



AtPf general proportion being given, A oc £-ir. /- 
j?^i the proportion an/ one has to the reji. 

This is done by help of the foregoing propofi-» 
tions. 

Since A cc -.y- . 
Multiply by D, then AD oc B»C (Prop. V), 
Divide by A, then D oc 2^ (Prop. V). 

Divide (AD oc B»C) by 8% and then C oc 
. (Prop.V). 

Divide (AD oc B»C) by C, and then' B' oc 
(Prop.V). ' : 

Extradl the fquare root, B oc ^t^. 
And the fame may be done by altumihg a given 
quantity », and making jwA = ^ j and the 

foregoing procefs is the lame as in the reduffion of 
algebraic equations. . • , 



AD 
AD 



•i V 



4^ / N J S, 
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O F 



M 



I N W H I C H, 

The principal Propofitions of Euclip, 
Archimedes^ and others, arc demon- 
ftrated after the moft eafy manner. 

f 

/ 

To which is added, 

A CoUedtipn of ufcfwl Geometrical Problems. 
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THE 



PR E F A C E. 



'pTA V ING in thefirfi volume treated jof 

Ay arithmetic^ which is one of the main 

■ pillars of the mathematics ; / come now 

to geometry^ which /V the other pillar^ on whicH 

^thefe fciences are fuppHrted. On thefe twofounda-^ 

\tions^ all the other branches are built \ and from 

^ them they derive their "WhQle Jlrengtb and evidence. 

^And tbsfe twa fciences are ejentially different *, 

« the former confiders numbers^ without any regard 

to extenfton ; the latter conjiders extenjiony with" 

out any regard to numbers. And both of them 

treat their particular JubjeSls in the mo/i abfiraSi 

manner. 

Geometry is of Jo excellent a nature and offuch 

extenfve ufcy that it lays the foundation of all the 

rules to work by^ in the coinm6n affairs of life, 

without which we could do nothing. For inftance, 

the iHjiances of places^ or remote objeSls^ and their 

ftuation in refpe^ of one another ; cannot be had 

without meafuringj and the rules of geometry. 

fUe drawing of maps or charts can only be done ky 

geometry. 7%e meafuring and dividing of lands, 

to give every man his due jhare^ cannot be per-- 

formed^ without meafuring certain figures y and 

finding their contents. Houfes and towns cannot 

be buih without knowing tloe figures and dirnen/ions 

A z thereof 
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thereof. Without this arty no placeman befortijiedy 
■ *^ ^^fft tbe attacks of an enemy. Tradefmen mufi 
be acquainted with the meafures of Ungtb and 
capacity. ."Joiners^ mafons^ &c. mujl underjiand 
how to fbrm their materials into proper figures^ 
where there will be frequent occajimfor parallel and 
perpendicular lines. And the figures they hafve pet^ 
'petually to deal with^ are triangles, fyuares^ paraU ^ 
klograms^ circles , Bocandfuchfolidsaspyranuk^ . 
^cones, cubes y prifmsy fpheres, &c. the nature of 
which can only be known from geometry. The 
dimenfions ana areas of plane figures ^ fhe contents 
of folid bodies y cannot be had without it. So that 
geometry gives life andfpirit to all arts. 

Geometry examines the nature of all figures^ 
compares them together^ and finds out their proper^ 
ties, tt is a key to all the other branches. Tthe 
elements of plane geometry^ are Ukewife the foun^ 
dation of the higher geometry ^ relating to aH forts . 
of curve HneSy their nature and properties ; and 
is a necejfary introduction to the knowledge of them. 

Geometry is afcience inexhauftibky and which ^ ' 
knows no bounds. In it there is always room left 
for the dif cover y of new theorems. It is alfb a 
mofi excellent logic ^ teaches men how to reafon 
truly y and accufioms the mind to a habit ofclofe 
andfiriSl reafoning. 

The fcience of geometry is certainly very oU^ 
for look as far back as we willy wefijall always 
find men who have been prof effors and encouragers 
of geometry y and the value the ancients fet upon 
ity may be known from this famous motto of Plato 
fei over the door of bis academy y ^Sil^ 4yi(i>[ii'n^&>» 
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eitriTca. Some of the , principal among' them who 

Jiudied it werey Thales, Pythagoras, Plato; 

Ariftotle, Euclid, Archimedes, AppoUonius, 

Ptolomy, and many niore. But we an not to 

juppofe that in tbefe ancient tsMeSj thisfcience mas 

4zny thing near the perfeSlion it is now in : but 

in fucceeding ages^ men of great genius^ by their 

Jiudy andinduftryy by degrees^added mw imprwe^ 

mentsi tillattafi it arrived: ht: the pitch we now 

Jie it. So that, we need not wonder that £)uclid, or 

€ven Archimedes, have taken round-about method 

in demonjlrating many of their propofitiom^ which 

are now done vaftly Jhorter and clearer. For if 

cannot be denied^ that Euclid V elements abound 

with a great many trifling proportions ^ which art 

of no other ufe but to demon/irate ^ in his way^ the 

propofitions that follow after. But they are 

dijpofed in no proper order or method. . For he 

freauently treats of different fui^eBsy promifcu^ 

oujly together y in the fame place \. witlsaut any re^ 

gard to the nature of things^ or their conne&ion 

with one another. And as cften^ has the fame 

fidjeSi to confider in different places \ which can 

breed nothing but corftifion. But there are like-^ 

wife a great many propofitions in the prefentfyfiem 

of geometry^ winch thefe ancient mathematicians 

knew nothing of\ and which are equally ufeful 

with thofe of Euclid. ' 

One method of demonfiration^ which Euclid 
and the ancients frequently make ufe of is rcdudio 
ad abfurdum, which is generally Jhorter than the 
dire£i method^ and equally certain. For it is as^ 
axiom in lojgic^ that that fuppofition muft needs 
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be trae, which dcftroys the contrary fuppofi- 
tioh. But though it be equally true^ yet it giies 
mt that fatisfaBim to the tnind^ which a pojitive 
proof gives. 

It is a common praBice amof^g geometers y after 
n propofitiort is proved^ for them to prove the re^ 
verje of it. ' But , this in many cafes is needkfs 
imd impertinent. For where the ejfential property 
'^f a fubjeB is founds tbere^tm^ certainly iyoii will 
'fitd that fuhjeBy without farther inquiry. For 
iexamfie^ when it is proved to he the property of 
^ parallel iinesy when cut by a third line^ to make 
tbie alternate angles equal ; or the fum of the in-- 
temdl angles equal to two right angles : it is 
fuperfimus to prove y that when the alternate 
angles are equal y or the fum of the internal 
armies equal to two -right onesy that theje lines 
xtre paraUel ; becaufe it was proved before to be 
the abfohite right and property of parallel lines, . 
Ukewife when it is proved to be the dijlinguijhing 
property of aright-angled triangle y that the fquare 
^ the hypotbenufe is equal to the fum of the fquares 
^of the two fides. It need not be proved ^ that when 
thefe fquares are equals the angle is right. In 
fuch cafes y there needs y at mojty nothing but an 
ilhiftrativny and then this method (rcdiidlio ad 
.abf^irdum) is very properly applied. 

There are alfo many propofiticns in geometry y 
which are convertible ; that isy where the property 
.or- predicate may become tbefubje^ ; and the fub- 
jeBy the predicate-y being of equal extent. And 
here a deal of labour might be fayed in demonjlrat^ 
ing the propofition both ways. For injiancey when 

4 the 
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the two Jides of a trianglt nre equals it may be 
proved^ that the two oppofite angles are equal. Or 
when the two angles of a triangle^ are equals it 
me^ be proved^ that the eppofite fides are^ e^uaL 
But it need not he profved mh back and forward. 
And here can want nothing but the application of 
the former rule (reduftio ad abfurdum), to xL 
luftrate the reverfe. But mathematicians had ra^ 
ther prove too much than too little \ they had rather 
have fomething ex abundantF, than be defeSlrce. ' 
though for my own^ party I have often fdiied Wfyfelf 
that fuperfluQUs labour. * 

T^o give fome account of the method wherein I 
have handled this ffdjeSl j // ix in Jljdrt . this. 
Hefrji book treats of right lines. Tihefecond of 
iriangtes. 7be third of polygons. . The fourth pf 
. the circle. Theffth of planes. Thefxth of folios. 
The feventh of the fphere. The eighth is geomf- 
' trical problems . This is the method I have chofen 
to dijgefl thefe; things in^ as bei^ agreeai^ie to the 
nature of the fubjeSi^ and the mutual dependance 
of the fever al parts upon am anotbir. -The l^ 
book contains a colle£lion of the mpji ufeful geomc" 
trical problems. I have Jpent but little J i me m 
demonjfrating them, as mofi of them do not fieed 
it^ being perfuaded that- they who underftand the 
elements^ will eafily perceive their evidence^ witE^ 
out any more words. They that would fee more 
problems of this kind^ may confult the writers of 
praBical geometry. 
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DEFINITIONS* 

i. y^E^METRf is a fcience which tcAcheS Fl.O. 
I y and demonftratcs the properties, affefti- 
^^-^ ons, and meaftares of all forts of mag- 
nitude; 

4. Magnitude is continued quantity^ or ally thihg 
that is extended J, as ^ line, lurface^ or folid. 

3. Appoint is that which has no parts. 
4* A tine is a length without breadth or thick^ 
iiefs. 

Cor. Tie nxtrmes of a line are poinHi 

5. A right line is that which lies evferily, or in 
the faaie dircftion, between two points A, B. A ti 
curve line continually chariges its direction. 

Cor, Hence there . tan cnfy be one fpecies of 
right tinesj but there is infinite variety in the fpecies 
if curves. 

6. Parallel lines are thofe which arc alWaJrS at the 
lame diftance from one another^ as AB, CD. 2« 

7. An angle is the inclination of tw5 lines^ to 
one another, meeting in a point, called the angular 
point. When it is formed by two right lines, it is 

a plain angle^ as A 5 if by curve lines, it is >a cur* ji 
ifilineal angle* 

B 8* A 






2 DEFINITIONS. 

FIG. 8. A right angle is that which is made by- 
one right. line AB falling Upon another CD, and 

4. making the angles on each fide cquid, ABC = 
ABD ; fo that AB does not incline more to one 
fide than another: AB is called a perpendicular. 
All other angles are called oblique angles. 

9. An obtufe angle is greater than a right angle, 

5. as R. ' 

10. An acute angle is lefs than a right angle, 
as S. 

11. Contiguous. angles y are thofe made by.onc^Jinc 
falling upon another, and joining to one another, 
as R, S. 

* 12. Oppofite angles/ zrc tKofe made on contrary 

fides of two lines interfeding one another, as 

6. A, B. 

. 13. Afurface is that magnitude which hath dttily 
length and breadth. 

Cor. The extremes or limits of a fur face are lines. 

. 14. A plane is that furface which lies perfeftly 
even between its extremes; or in which, right lines 
any V/ay drawn, do coincide. 

15. A plain figure^ is a jilain forface, bounded 
on all fides by one or more lines. 

16. A right 'lined figurey is a plain figure, bourtd- 
<*d with right lines only. ', ' ' ' 

Cor. Every right4ined figure has as many angles 
as fides. ' - . 

17. A foli^ is a magnitude extended every way» 
or which has length, breadth, and depth. 

Cor. The terms or extremes of a folidy arc 
furfaces. ' '- '■ ^ ' ■ 

18. -The fqtmre of a right line is the IpacJe in- 
cluded by four right lines equal to it, fet per-' 
pendicular to one another. • 

' 19. The re^angle of two lines is the fpace in- 
cluded by four lines equal to them, fet perpehdicu- 
lur to one another, the oppofite ones being equal. 

20, Com-' 
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20. OommHjurahh fha^nitudesy are fucli as ihzy 
be mesrfUHffd by one land the ifkme ttiieafure, 

'%r: mcommenfttrabk ' ma^Uudes^ are fliCh as have 
00 common meafure.* - . . ' 

22, Rational magnitudes^ arc thofe.jthat are ex- 
prefled by a rational number, or by t)ne that in- 
cludes not a furd. / .' 

23. Irrqtimal jnagnitMdes^ are fudiias iare denoted 
by a furd, as v^, V3> v^S^ ^^t . • 

AXIOM.S or MAXIMS. 

1. Things equal to the fame things. are equal- 
to, one another. 

2. The whole is equal to all its parts taken to- 
gether. ^ _ . ...; ^ ^ /; 

3. If equal things be added to equal thiriga, thci 
wholes will be equal. 

4. If equal things be taken aw^y from ^qual 
things, the -rem^indei^ will be equ^l.- -; ~ 

5. If equal things be equally tnultiplied, the 
produdls will be equal. •-* • • • 

6. If equal things be equally divided, ' the quor- 
ricnts will be equal. * ...:*; 

"f." All right an|les are - eijual tt) drie anbther. 
8;iratHe ^ftigmtud*sr^re eqtfa,>kith being 
^pplietfi'biciflEiy agrc^'ttt^ 'Coincide wkh'dh6 aftOttier. 

'. ' '■;.',' . ..■,•'. '^"0'$ I* tj' L A T E- s: % • 

I. Between any two points a right Kite may be 

'^^; Ilffefr a right Knfe of plane viAj beprodutefl 
asf far is 'A/i?*' J)leafe'. • ■• ' '••"^ ' \- / / 

3. Xhat a' drcle fWay be dcfcribed frpiri *ahy cen- 

^t aC ah^ ^iliftanoe. ' Sde -Book IV. Def. i . 

4, - Thit kfff" magnitude beimg giv^U, >ah equ^ 
magn^'iidfe' J»ay 'b«' ffaadc. 

^ ■' -^ ^ B 2 • ' 5^ Tha 
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characters: 

5. That any magnitude may be fo often multi- 
plied, as to exceed any magnitude of the fame kind. 

6. That any magnitude may be divided, intp as 
many equal parts as we pleafe. 

Explanation of CbaraSers. 

4- added to, being the fign of addition. 

— fubtraded from, the fign of fubtradion- 

X multiplied by. 

-7- divided by. 

s= equal to. ' 

; ; the mark of proportion. 

•4^ geometrical progreflion. 

(/5 difference. . ' 

n fquare. - 

□ reftangle. 

^ fquare root. 
3 

V~« cube root. 

A* A fquared 5 alfo. AB* is AB fquarcd, 
A» A cubed; and ABMs AB cubed. 
jL an angle. 
H parallel. 
-^ perdendicular. 

Sometimes one letter denotes a line ; but if a line 
is expreffed by two letters, as AB, then tlic letters 
A, B denote the extreme points of that line. 

When one letter denotes an angle, it is fuppofed 
toftand at the angular point ; but Lf three letters 
cxprefs the angle, the middle one is at the angular 
point ; the other two in the fides. 

When three letters ftand for a redangle, as ABC, 
k lignifies AB'x BC ; where AB,^ BC arc the fides. 
Or when four letters ftand for a reftahgle, as 
AB X CD ; AB and CD are the fides. • 

The citations are thus to be underftood ; the firfl: 
Aumber denotes the Prop, the fecond the Book. 
When proportion is referred to^ it fignifies,geo^ 
metrical proportion. BOOK 
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PROP. I. 

If to any point C in a right line AB, feverol other FIG.' 
right lines DC, EC are drawn on the fame ^de j all 7. 
the angles formed at the point C, taken together^ are . 
equal to two right angles^ ACD + DCE + ECB 
= Paoff right angles. 

FOR fuppofe PC to be perpendicular to' AB, 
then fince ACP and PCB = two right angles^ 
(Dcf. 8); and thefe angles ACD, DCE, ECB 
occupy the fame angular ^ace ; therefore they are 
all equal to two right angles (Ax. 2). 

Cor. I. All the angles made about one point An 4 
flane^ being taken together^ are equal to four right ^^ 
angles. ' 

Cor. ?. If all the angles at C, on one Jide of the 
line AB, happen to be equal to two right angles % then 
' ACB is ajiraigbt line. ' 

PROP. 11. 

If two right lines^ AB, CD, cut one another j the g, 
eppofite angles E and G will be equaL 

For AEC + E = two right' angles (Prop. I), 
and AEC + G = two right angles (ibid.) ; there- 
fore AEC -f E = AEC + G (Ax. i), and E = G 
(A;*:. 4). After the fanic manner AGC ;= BGD* 

B 3 Con 
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Con Jf AB is a right line^ and CEB happen td be 
equal to AGD, orJ£. equal to, G j, then CD w .^ n;fi&^ 

Une, 

R R O P. III. 

A right line AB, ^foV^ is perpendicular to one of 
two parallels FH, is perpendicular to the other DC. 

For fuppofe the end HC of the figure CBAH, be 
raifed up, and turned over the line AB, fa that 
HC may fall towards FD, the line AB remaining 
fi^^ed. Then finee the Z.BAH — BAF (Ax. 7), 
therefore the line AH will' fall upon AF, and let 
the line BC fall on the line B^. Draw the line iOF 
perpendicular to HF. Now fince FH, DC are 
parallels; therefore the diftances BA, PF, andJF 
(or CH) are all equal (Def 6) ; therefore the points 
Dv d mufl: coincide *, and therefore the line %d coin- 
cides with BD. Therefore ii ABC = ABD = a 
right angle (Def. 8). 

■ 

Cor. r. Hence two lines FH, DCj perpendicular W 
the fame line AB, areparalkL ■ - . 

Cor. 2. Heitce the figments of two parallel{^ in- 
tercepted between two perpendiculars AB, jHC,^ are 
equals AH = BC. 

. For fince the angles at A, H, B, C arc right, 
tjierefore the two lines AB, HC, interfering AH, 
and being both perpendicular thereto, are parallel 
(Cor. i) i and therefore AH = BC (Def. 6). 

PROP. IV. 

If a right line CO, interfeEl two paralMs AD, 
EH; the alternate angles, AhE^ and BEHy will ie 
egnaL " - ; 

Let AE, BFI be perpendicular to AD, and FH« 
Then fince AE = BH (Def. 6), and AB = EH 
(Prop. III. Cor. 2), and the angles at A and H 

right J 
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right ; therefore if the figure EHB be laid upon FIG. 
.BaE,. the aH upon A, and HE upon AB; and 10^ 
confequently HE will fall upon AE -, and the whole 
figure EHB coincides with the figure BAE, and the 
angle HEB with EBA, and confequently thefe 
angles are equal. Likewife the angles DBE and 
' FEB will be equal, being the remainders to two 
right angles (Ax. 4), 

por. I.'' The external angle CBD, is equal to tbe^ 
internal angle on the fame fide BEH. 
. For CBD = ABE = BEH (Prop. 2). 

Cor. 2- ^be two internal angles on the fame fide are 
equal to two right angles ; DBE -^ BEH = two right 
angles. 

For EBA = BEH (Prop. IV), and DBE + 
EBA = two right angles, = DBE + BEH. 

Cor. 3. If the angles CBD and BEH are equal \ 
or ABE and BEH equal ; or DBE + BEH he 
equal to two right angles ; the lines AD, FH are 
parallel. 

For if. any angle is greater than is here men- 
iSoned, it deftrbys the parallelifm of the lines AD, 
FH. 

P R O P. V. 

^wo lines drawn between two parallels KB^ CD, n^ 
making equal angles with either of them^ will be equals 
AC = BD. 



Draw CF, DH perpendicular to FB, then fince 
Z. ACD - BDI ; alfo FCD and HDI right angles 
(Prop. Ill), the remainders FCA and HDB are 
equaU and the angles at F and H being riglit, and 
FC= HD (Def. 6); therefore if HD be laid on 
FC, the line DB will fall on CA, and HB on FA, t 

and B oa A ^ therefore DB = C A, 1 

B 4 Cor. 



- ne ELENfENTS 

F I G. • Cor. I. If the lines AC and BD arej^qual^ then ths 
angles' ACD and BDI are equal. 
1 1 / For if oftc angle was greater, it would make the 
lines AC, BD pnequah » 

Cor, 2. sr^tf parti intercepted are ejual^ A9 
— CQ. 

"^For FA = HB, and adding AH, AH + HB, . 
or AB = FA + AH, or FH = CD (Cor. 2. 
Prop. III). 

Cor. q. If two equal and parallel Hnes^ABy CD,' 
he joined by two others AC,* BDj they fhall alfo ^g 
^ aqnal and f>ar^lkl^ - 

PROP. Vh *■ 

1 2* Right lines AB, CD, parallel to the fame right Kna. 
EF, are parallel to one another* 

Let GI cut the three lines, then finqe AB, EF are 
parallel, AGl = EHI (Cor. i. Prop. IV) j an4 
bccaufe EF ant} CD are parallel, ^EHI = DIG 
(Prop. IV). Therefore AGI = JDIQ (Ax. i), 
whence AB, CD, are parallel (Cor. 3. Prop. IV). 

PRO P. VII. 

.13* V ^^^ lines. AB. BD, which cut one another^ hf 
\ parallel to two other lines EC, CH, which alfa 
cut one another ; they fhall contain equal angles 
ABP=ECH. 

For produce EC to interfeA BD }n F •, then by 
reafon of the parallels A B, EF, /. ABD = EFD 
<Cor. I . Prop. IV) ; and fince BD and • CH 
5M"e parallel, EFD = ECH (ibid,) j therefprq 
ABD = ECH. 
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PROP. VIII. FIG, 

. Two rigbl lines AF,* AB being given ; and $n$ of 14, . 
t^em AB be divided inio feveral farts \ the reSiangU . 
under the^two whole lines j will be equal to all the, 
reSlangles contained under the whole line^ and tbe^ 
feveral fegments of the other \ .ABGF = ADHF. 
+ DElH + bBGI. 

For let AF be perpendicular to AB, and DHt 
EI, EG equal to AF, and alfo perpendicular to AB, 
Then AD X AF = rcfaangle ADHF, and HD 
X DE, or FA X DE = reftangle. DEIH, an4 
IE X EB, or AF k EBrziredanglc EBGI (Def. 19) j 
but the furn of thefe rectangles fill the lame fpace as 
ABGF, and therefore they are equal (Ax. 8). 

Cor. I. If "both lines be divided into parts^ tbi 
fum of the reS angles of all the farts ^ is equal to the 
reHangle of the wholes. 

Cor. 2. Jf the two given lines be equals the fum , 
0f the reSlangles under the whole and the parts ^ is equal 
$0 thefqu4re of the whole. 

P R O p. IX, 

If a^ line AC be divided into two parts at B \ the i$m 
fe£l angle under the whole ^ and one of the feg- 
mentSy AC x BC, is equal to the reSlangle of 
the fegments and the fquare of the faid fegment^ 
ABxUP.^^C*. 

Suppofe AF, BE, CD all ?qual to BC, an4 
perpendicular to AC; then the reftanglc ACDF 
3= AC X CD = AC X BC (Def. jo); , alfo AB x BC 
^ AB X BE = reAangle ABEF, and BC x CD 
or BC* = BCDF (Def. i8). But ABEF-|j.BCDE ■ 
fill the reftangle ACDF, and therefore they are 
cfju^ (Ax. 8), 

PROP. 
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FT ^ X R O X . X. 

I G. . , 

16. If a rigBl line ^ AC be divided into two parts AB^ 
BC i the /quart of the whole line^ is equal to thef^uares 
cf both the faris^ and Uwice jhe reSangk of the parts ^ 

AC* = AB^ + BC* + 2 AB X BC. 

> > , - 

l^et AG, BH, GI be equal to AC, and perpendi- 
cular thereto, and AD, BE, CF ^ual to A3 •, then 
FI= BC, fcfc. then ABED is the fquare of AB 
(Def. 18), and EFIH is the fquare of BC ; and 
the figur-es BF' and EG, are the reftangles of BC 
and Bill, and DG and DE -, or of AB and BC twics 
^ taken (De£ 19), But all thefe fill the fcjuare AI^' 
and tlierefore are equal to it (Ax. 8)* 

F R O R XI. 

16, ^be fquare of the dijferenct of two lines AC, BC, is 
eqml to tbefwn of their fquares, wanting twice their 
reSiangki AB' = AC* + BC» — 2AC x BC. 

• For the fquare A I contains the fquare AE, 
theredangle CH, and redtangle DH ; that is,. 
AC* = AB' 4- CH + DH -, and adding FH," 
AC + FH = AB' + CH 4- DI-, that is, 
AC* + B C = AB' + 2ACB, and AB* or 

• AC — BC* = AC + BC« — 2ACB. 

PROP. XII. 

16. The reSangle of the fum ani difference of two linet 
AC, AB, i s equal to the difference of their fquares^ 

AC -r AB X BC = AC — AB*. 

For the difference of the Iquares AT and AE is 
^he reftangles CH + HD = BH~+ tiG X BC = 



aC 4- AB k BC. 
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PROP. Xlli: 

Tbefquareof thfum^ tdgePher with the fquare of the 
difference of two Jmesy is' equal to twice tbefum of their 
fquarts. 

Let the lines be A, E. • Then 
the fquarc of A + E = A* -{- E» -j- 2 AE (Prop. XX 
the Tquare or A — "E = A» + E*"— 2AECPh)p.-XI). 

thenA+E*+ A— Jb* = 2 A*+2E» (Ax. 3). 
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PROP. XIY. 

. The difference of the Jquares^ ma4e of the fu9^ ana 
differ mx of Pm right linesi is equai to four times their, 
na^angle. ,' . 

For if A,\E be the lines, then 
A + E* = A* 4- E* + 2 AE. 

-2AE. 
4AE. 



A — E =A*4.E» 

difference = 



Cor. Thefquarfi bf the Jim is equal to the.fquareof 
the difference^ together with four times their rectangle. 
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Of Triangles. 
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DEFINITIONS. 

u A Tfiatigle is a plain figure bounded by 
£\ three right lines, called the ftdes of the 
triangle. ' 

2. An equilateral triangle is that which has three' 
equal fides, 

3. An equiangular triangle is that which has three . 
equal angles. 

4. An ifofceles triangle is that having two fides 
equal. 

5. A right-angled triangle is that which has a right 
angle. Th^ (ide oppofite to the ri^ht angle is called 
the hypothenufe. 

6. An oblique triangle is that having oblique 
angles. 

7. An ^btufe angled triangle has one obtufe 
angle. 

8. An acute angled triangle has three acute 
^gles. 

g. A/calenous triangle has three unequal fides. 

10. Similar triangles are thofc whole angles are 
rcfpefbively eqiial, each to each. And homologous ^ 

Jides are thofc lying between eqijal angles. 

11. Baje of a triangle, is the fide on which a per- 
pendicular is drawn from the oppofite angle called 
the vertex ; the two fidesi proc§ecling from the vcpteK> 
are calkd the /^j; 

PROP. 
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P R O R L V; fig; 

In atrf triangle ABC, if one fide BC he irdwn hut > 17, 
the external of^le.ACD will be eqtuil to the two intev'^ 
nal dppqfite angles Ay ii. 

Draw CE parallel to AB, then the z. A 't=k ACE 
(4. i) ; alfo thfe-Z. B = ECD (Cor; i. ibid.) ; thercS 
fore A 4- B = ACE + ECD = ACD (Ax. 3). 

P R O p. II. 

In any triangle ABC, the f urn 6ftbe three angles is equal t y, 
ta two right at^kst A -{- B -J- C =: two right angles. 

JFor A +. B =s ACD (Prop. I), and A -f- B 4- C 
= ACD -f ACB (Ax. 3) = two right angles ( 1. 1). 

. Con I * If two a&gles in one triangle j h^ €qual to two ^ 
Mngksy in anotbgr v the third will^fo be equal to the third* 
Cor. 2. If one angle of a triangle be a right angU, 
Jhe fum of the other two will be' equal tQ a right, angle- ' 
\ Cor- 3. There caif, only be ohe^pr^ndicuhr draft^n^ 
to any line^ from a given point.' 
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PROP. lil. 

The angles at'tieJhafe of an ifofieles trianglei-are t*w 
equal 4.C=iB. ' ' ... 
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Far let AP bifeft the angle B AC i then iT the 
tr&ngle DAC be laid upon the: triiingle DAB ; thch 
^by reafonof tht t(5[dal angles at A, ;?nd AC.tr AB, 
'AC will coincide' with AB, and C with B," and 
CD with BD i and therefore l. ACD = ABD. 

Cor. I. If the" angles B, C at thebafihe equals thf 
\JidesABy AQ&'f eqifal. 

Cor. 2. M equilateral triangle is alfo equiangular ^^ 

Jtnd the conirary. 

Cor, 
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FIG. Cdr. 3. T^ife^ UnerwhiAh is perpendicular to the bafe 
of an tfofcelfis triangle y hifeSls it and the vertical 
* "angle. ' * ^ - . • • 

. " Cor. 4. Onfy 'two equal lines, can\he ira^n froffi 

a given point to 'a right line. 

for if AB :=!: AX)^;=AC;jthen.^B.as wcU as 
^D = Z-C, which is abfura'(Prpp. J). 

T R O P. iV. 

In any triangle^ fhe greateft ifid^ is oppojite^ to the 
greatejiangley.and^ieleqft to theieajt^ .... 

t • » _ 

iQ. Let AC be the gfeatcft fide, and fiippofe AD crt 

AB, then.thfc-i.A©3 = ABD (Pi^p;_IU), >l)ut 
ADB — DBC + PGB (Prop. I) ; /thietefore ADB 
is greater than C ; whence ABD is greater than C, 

. therefore itiuch more is ABC gftatcr 'than C. 
After the fame manner it is proved, that ABC b 
^greater than A. 

' Aiid if AB be the Icift fide^ C is Jefsr thin 
A-BC ; and may b6 jproved ill Kke manner to be 
Icfs than A. ; :^ ^'^ 

PR O P. V. 

ao. ... Jn an^. trjap^le j^^Q^ -the fum .of.aiy twoJdes^^A^ 

AC, /V greater than the third BC. * \ 

i. 

..rJProduoc thcrfide-BA, and|et,AD.c=;AC, ^nd 



the oppofitc <icfc JEfD is greater 'thwi KC^ tjia^is, 
BA -L AC is greater than BC, - .; * .. ,* * 

Cor. I .. y/ n>i&/ //«^ /i /i&^ Jborteji dijiance between 

^ny-Jwo points.: - ' *- • ■ ->^'* ' * ' ''--' 

2 1 • Cor. . 2 . The fum of two lines BD; DC,; ira'um fhoin 

/wo /ingles to -any^^ point within the triangle^ is lefs 

■ 'than the two fides pf -the triangle \ -BD -J- DC // lefs 

than BA + AC, b%t contain a greater angle. *^ 

2 For 
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For drawing BDE, then, in tHe triangle BAE, f'tG. 
BE is-kfs than B A '+ AE -^o^, V), ' ^dd'Et; 
then BE + EC is Icfs than BA ^i AC' Ahd lA 
the triangle DEC»,PC. is .leis di^n DE + EC j 
add BD, and 80 + DC is Ids 'than BE+.EC, 
and much lefs than BA + ACl ' > 

Alfo aBDC , is gtwiter than, DEC^ *h{<A' .ji 
greater than A (Prop. I). ' ' y 

P R 6 P. VI. 

i)^ two triangles ABC, /xir, i^f'y^ two^ fides md 2 2,: 
the included angle equal in each \ thefe triangles^, and 
their correfpondent. parts^ Jhall be equal. 

'For firice the !iLA'=^ a, and' AB = ai^ atfo AC 
er^^r, therefctfe IfA be lard' upoh /^, fo that aS 
fall upon ab^ then AG will fallup6n-^r, the 'p6int 
'B ,wiU comcAdc with ^, ahd C wiih ^ •, thcnelbrc 
the whole triaiiglcs^ coincide. , Whence; the "baft 
CB=^^, A.B = i^ andC = r. .And the. iwhoic 
triangles afe ^uaV. 

<i!or. if ^twoiftan^es Ti^Cy ' dhcy , have tw0 
fides refpe£iively equal \ that which has the greater 
bafe^has the greaterfppqfite angle ^ and the contrary^ 

For if the fides CA, *BA intercept a greater, bafc 
]fc, the angle at A will be fo much the Widet^ or '^ 
gttater; "and- ai the angle increafes, the more c^ 
the bafe it intercepts, as is evidcAt,^. - ' 
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. <■ 

If two triangles ABC and abc^ have two angles 22. 
and a fide equals fach ia >each ; the reriminfng farts 
Jhall be equal,, and the whole triangles equal. 

I^Or flnce t?wO ingles are equal,, the third will be '• 
equal (Cor. t, I^rop. II); therefore if the equal 
fides BG and he be laid one upon another, then, 
by t-eaibla of the cqUal angles B and ^, C arid r, 

the ' 
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FIG. the fides BA and ha will coincide, as alfo CA and 
cdy and A will fall on ^ j whence all the parts will 
be equil (Ax. 8). 

p k o R vnii 

If tw& iriattgles have all their fides rtfpeShefy 
equal ; all tbi angles mil be equals and the 'wholes 
; equal. 

43, For if the bafeof one be laid upon the bafe of 
the other, the other two fides will coincide, pro-^ 
vided the correfportdeht one^ lie the. fame way. 
Fot if you fay they* doft't (Coincide, let one trian- 
gle be ABC, the-other ABD : then fince AB, ACJ 
are equal to AB, AD (hyp.), and. the angle BAD 
greater than BAC, therefore BD is greater than 
BC (Cor. Prop, VI) j contrary to the hypothefis. 

Cor. u From tw4 pointSrin'afight tine^ as A and 
B; two lines equal to AC^ BC» cannot be drawn t^ 
any other fo\nt D^ •- <• 

Cor. 2. triangles miftualljy equilateral^ are mutually 
equiangular. 

PR OP. IX. 

24, Jf ^^ ^^^ triangles ABC, aic ; two fides AC, Cft^ 
oj the one^ be equal to acy ch of' the^ other ; and an 
oppofite angle A equal to the correfpondent oppofiti 
angle a •, and the other oppofite angles B, b^ eitbef 
both acute or both obtufe ^ the remaining parts of the 
triangles will be equal. - 

For if cab be Taid upoii CAB, (o that cd fall up- 
on CA ; then fince the La ~ A^ ah will fall up- 
on ABD* And as.r falls upon.C 5 cb will fall upon 
either CB or CD (Cor. 4. Prop. Ill) ; which here 
will be CB, as the angle at h is obtufe. Therefore 
the triangles coincide, and all the parts are equal. 

PROP- 
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p R o P, X. ^la 

Trianglfs BCA, BCF> ftnnding up&n thtfam hafe^ 25. 
and- tetweth the fame paraUtlsf are tqiud% 

Let CD be parallel to BA, and BE to CF. 
Then the triangle CBA = ADC (Prop. VI) ♦, for 
BA = CD (5. i) ) and CB = AD (Cor. 2. ibid.), 
and Z.B = D (4. i)» Thcfefbfe the triangle BCA 
= half of BCD A. For the fame rcafon BCF = 
BEFashalfofCBEF. 

Ag^n, the triangles BAE) CDF are equal, having 
two udes and the contained angle equal i add the 
figure BCDE, and then BCDA s= BCFE, and their 
halves BCA = BCF. 

Con 1. Triangles of equal bafes and high fs are 
equal. ^ , 

For if their bafes be laid upon one another, the 
' angular points of both (by rcafon of their equal 
hight) will fall in the fame parallel ^ and are there- 
ibre equal (Prop. X)* 

Con 2. Et'ery triangle is eqUai to half the reHangle 
tf its bafe and hight. 

For fuppofe CBA to be a right angle, then it 
wa3 proTcd that the triangle CBA is naif of the 
redlangk CHAD ; and CBF (equal to it), is there- . 
fore equal to half that red;angle. 

P R O P. XL 

Triangles ABC, ABD, of the fame hight ^ are in 16. 
proportion to one another as their bafes BC, and BD. 

Divide BC into arty number o^ equal parts BF, 
FG, GH, HC 5 and BD into fomc iiumber of the 
fame equal parts, BI, IK, KD* The triangles 
ABF, AFG, &c. and ABI, AIK, (^c. are all equal 
(Con J. Prop. X) j and the triangle ABC contains 
• . - C ABF 



» 
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A6F as oft as BC (ontains BF ; alio ABD contains 
ABI pr ABE as oft as BD contains BI or BF 5 
whence ABF : BF : : ABC : BC : : ABD : BI> 
(Dcf. 4. Proportion a#d Cor. 2. Prop. XIV, ibid.). 

Cor. I . Hence triangles are to one another as their ^ 
hafes and altitudes. 

It follows from this Propofition, and Cor. 2. 
Prop. X. therefore. 

Cor. 2. triangles of equal hafes^ are as-tbeir 
bights. 

• PROP. XII. 

If a lineDR he drawn parallel to one Jide BC, of 
a triangle \ the fegments of the other fides will be pro^ 

portionali AD : DB : : AE : EC. 

■ 

For draw BE, DC-, then the triangle DEB = 
triangle DEC (Prop. X) ; and triangle ADE : BDE 
: AD : BD (Prop. XI); and triangle ADE : CDE 
:' AE : CE (ibid.) ; therefore AD : DB : : AE 
EC (Prop. I. Proportion). ^ 

Cor. u If the fegments ie proportional^ AD : DB 
r : AE : EC j then the line DE is parallel to the fide. 
BC. 

For if thefe Uhe^ were not parallel, the triangle? 
DEB and DEC would not be equal (Cor. 2. Prop. X); 
and the fegments would not be proportional. 

Cor^ 2. If fever al lines be drawn parallel to one fide 
of a triangle^ all the fegments will be proportional. 

Cor. 3. A line J drawn parallel to any fide of a 
triangle 5 cuts off a triangle fimilar to the whole. 

For Z.D ~ B, and Z.E = C (Cor. i. Prop. IV. 
I) ; therefore they are fimilar (Def. 16). 

' Cor. 4. ^he whole fides are as the fegments j 

AB : DB : ; AC : EC- 

•Tot 
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For it is AD : DB : 3 AE : EC (Prop. Xil),» f t g 
■whence AD ,+ DB (AB) : DB': : AE.+ EC (AC) 27. ': 
: EC (Prop* XIlI. Proportion). 

. . P R O P. XlH. ' ' 

In Jimilar triangles, the homelogtus Jides are pVd- a §4 - 
fortional i AB : AC : : DE : DF. 

Iri the iohgcfr fide -AC make A/=: DF, the lofigef 
iide. And in the fhorter fide AB,>make the fhortef • 
fide DE = h:e\ and draw ^j then the aA being 
fuppofed = to Di and the comprehending fided 
equal, I. Kef =: E, /and hfe = F (Prop. VI). 
Therefore Kefzz, B, and hfe-=zQ ; confequently 
ef is parallel to BC (Con i. trop. 4* I) -, there* 
fore AB : ^B : : AC : /C (Cor. 4. Prop. XIl) -, and 
AB : AB — ^B (A^) : : AC : AC — /C (A/), Prop. 
XIII. Proportion). That is> AB : Dlti : : AC : DF, 
or AB.c AC J : DE : DF (Prop. IV, Proportion). • 

And if a triangle Vas made at the iJZ equal ta 
DFE -, it will appear the fame way, that AC :, CB 
: : Df : FE. Whence AB < CB : : DE : EF 
(Propi XV. Proportion). 

Cor* A line AE drawn from the qppqfite ungle A^ cuts 291 
two parallel lines prof or tioi(ially\ BE :'EC : : DI : IF^ 

For BE : DI : : AE ; AI : : EC : IF. 

P k P. XtV. 

Ift'Q^o triangles have one angle equal to one^ and the si 8« 
fid^s about the equal angles proportional > , thefe tri^ 
angles are Jimilar^ 

For let A D -r: A, and let the tfiartgle t)EF be laid 
upon ABC ', then, by realbn of the equal angles^ thi 
fides DE, DF will fall upon A3, AC, the points E^ 
F upon e and /. Then fihce DE (A^ : DF (A/) :: 
AB : AC, or M : AB : : A/ : AC, therefore A^ : 
' ■ ^ ' . ' X 2 ^B " 
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FIG. eBt:Af:fC fProp. XIII. Proportion) ; whence ef 

28r is parallel to BC, (Cor. i. Prop. XII) ; and z.^ 

or E = B, as alfo/or F = C (Cor. %. Prop. IV. I). 

Whence the triangles DEF, ABC arc fimilar 

(Dcf. lo). / 

P R O P. XV. 

30. If two triat^ks have all their fides refpeHivefy ■pro- 
pcrtionalf theft triangks arefimlar\ AB : D£ : : BC 
: EF { : AC : DF. 

' Let the aFEG =r B, iuid EFG = C, then 
G = A (Cor. I. Prop. 11); whence GE : EF 
; : AB : BC (Prop. XIII) : : DE : EF (hyp.)i 
therefore GF'= DE,. (Ax. 7. Proporrion). Like- 
wife GF ; EF : : AC : BC : : DF : EF j there- 
fore GF = DF (Ax. 7. Proportion). ^ Whence 
the triangles DEF, GEF have all their fides re- 
fpe£tive|y equaj ; and are therefore equiangular \ 
therefore G = D = A, DEF = GEF = B; and 
GFE = DFE=^C. 

PROP. XVI. • 

If two triangks have one angle in eacb^ equal ^ and 
the jtdes about the feeond angles proportional*^ and the 
third angles both of one kindy acute or obtufe \ thefe tri- 
angles are ftmlar^ 

31. Let Z.A = D, and AB : BC : : DE : EF. 
Make L. ABG = DEF, then A G = F (Cor, i . Prop. 
IL); whence AB : BG : : DE : EF (Prop. XIII.) 
: : AB : BG, therefore BG = BC, and BCG is an 
ifofceles triangle, and AGB ri obtufe, of the fame 
kind withDFE; and ACB is acute, the fame a» 
DIE ; whence the angles F and G, or I and C, muft 
be of the fame kind, to have the triangles (imilar. , 

Scholium. 
This does not always hold good, if the angles B 
and E arc required to be of the' fame kind, inltead 

. of 
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of Gand F. For if ABC be acute, ABG Will z\&^ F I G, 
be acute ; but ABG is not; fimilar to DEI, nor ABC 21. 
to DEF ; though ABC be fimilar to DEI, and ABG 
toDEF. 

PROP. XVII. 

Equal triangles f that bav€ me angle equaly have $be 
fdes about the equal angles recifrocally proportional. 

Let the oppofite angles at B |be the equal angles, 32. 
and ABC, DBE, the two equal triangles i then 
AB : BE : : DB : BC (hyp.)- 

Draw CE, then AB : BE : : triangle ABC or 
DBE : triangle CBE (Prop. XI) ; : DB : BC. 

Cor. X. Thofe triangles are equals that have the 
fides about the equal angles^ reciprocally proportional. 

For triangle ABC : CBE: : AB : BE (Prop. XI) 
: : DB : BC (hyp-) : : triangle DBE : CBE ; there- 
fore triangk ABC =?= DBE (Ax, 7, Proportion). 

\ Cojr. 2. Egnal trioj^ks haw their hafes and bights 
reciprocatty proportional. \ 

For each triangle is equal to a right-angled triangle 
of the fame bate and hight (Prop. X) ; and then 
the fides about the right angles, are reciprocally pro- 
portional (Prop. XVII). 

PROP. XVIII. 

Like trtangies ABC and DEF are in tbf duplicate 33. 
ratio^ orastbefquaraof^ their bmtkzottsjfidesy BC, 
EF. 






Let there be taken BG, fo diat BC : EF 
EF : BG, and dr^iw AG. Then fince AB : DE 
r : BC : EF (Prop. XIII) : : EF : BG (ConftruftOi 
therefore the triangle ABG =» DEF. But ABC 
; ABG or DEF : : BC : BG (Prop. XI) : : BC» 
: EF' (Prop. XXIII. Proportion). 

C3 . PROP. 
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jfiG, PR O P. XIX. 

^^f Tr tangles that have one angle equal to one^ are te cn^ 
{mother in th,$ complicate fatio of the fides about the 
equal an^less ABC : EBD : : AB x BC : EB x BD.. 

Draw C^, ^en CD, AE being ftraigbt lines, th« 

angles at Bare equal (Prop. IL I). 1 hen triangle 

ABC : CBE : : AB : BE (Prop. XD, and CBK ; 

* pBD : : CB : BD (i^ici. ) v therefore ABC : gBD : ; 

AB X CB : BE x BD (Con i, i^rpp. :^V1I1. P^Q- 

P R O p. XX. 

15^ In a Tight-angled triangle B AC, // a perpendicular 
^e let falVfrom the right angle upon the bypothenufe^ it 
will divide it into, two triangles fin^ilar to one another 
(indto the whole, AB0, APC. ' \ *. - 

' r 

■ • » 

For in the triangles ABD, ABC, the angle B is 
cemmon to both, and angles D and BAG are.right 
ones ; therefore the remaining angles BAD and BC A 
ftre equal ; therefore the triangles ABD and ABC 
^re limilar. 

Again, ia the triangles ACD and ACB, £.C is 
frommon, Z.D = CAB, and therefore z.DAC=i^ 
therefore ACD and ABC are fimilar j and confc- 
queiitly ABD and ADC, 

Cor. 'i. The re Bangle of the bypothenufe and either 
fegment is equal to thefquare of the adjoining ftde, 

ForBD : BA : : BA : BC (Prop. XIII), and CD 
; CA : : C A ; CB (ibid.) ; w4icnce BQ x BC =^ BA% 
ftnd CD X CB =? CA* (Prop, XII. Proportion), 

Cor. 2. ^he r (Bangle of the hypothenufe and-perpen*. 
4icular^ is equ/il to the reBangle of the legs. 

For EC : AB' : : AC : AD (Pfop. XIII), an4 
,AB X AC = BC X AD (Prpp. 1^1 Proportijn). 

* . . Cor. 
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I Cor. 5 . Tbg perpendicular is a mean proportional he- VlG. 
tween the fegments of the bypothenufe, 35, 

For BD : DA : DC, and BD x DC = DA». 

Con 4. The fegments of the hypothemfe are as the 
Jqmres of the adjoining Jides. 

For by this Prop. BD : DA : : BA : AG ,^ 
(Prop. XIII)/ and BD* : DA* : : BA* : AC* 
(Con 3, Prop. XVilL Proportion). And by 
Cor. 3. (and Prop. XKIII. Proportion) BD : 
DC : ; BD* ; DA* : : BA* : AC*. 

Cor. 5. As the perpendicular^ to the hypotbenufi % 
Jo the reilangU of the fegments^ to the reSanghpf the 

i^gs^ 

For AD : AB : : CD : CA, by the fim. triangles 

BAD, PAC. 

And BA : BC : ; BD : B A by the fim. triangles 
BAC, Br\D. ' 

Therefore AD : BC : : BDC : BAC (Con r; 
Prop. XV HI. Proportion). 

Cor. 6. Th^ dijiance of the right angle^fromtht 
middle of the hypothenufey ;> equal to half the hypa^ 
thenufe. 

• For let B^ = ^C, and draw on^ or parallel to 
AC, AB ; and draw Ao. Then B» = »A> and 
Cr r=, rK (Prop. XI]) -, and the angles at » and r 
are.right (Cor. i. Prop. IV. I), Then the triangles 
B^», Aon^ as alfo the triangles Cor^'Aor^ have twd 
fides, and the included angle^ equal j tj^erpfore 
B^=r A^ = C^ (Prop, VI). ^ 

PROP, xxr. 

In a right' angled triangle pACy the fquare of the 36. 
iypotheni^e BC, is equal to -the fum of tbefjuares of 

the twojides, BA, AQ. 

i. 

CJ 4 For 
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FIG, For let BG be the fquarc dcfcribed on BC, and 
^6^ draw ADF perpendicular to BC, or parallel to CG or 
BE, Then BA* = reftangle of W and BC or ^E 
(Cor. i. Prop, XX;, = reftangle BF, Alfo the 
iquarc of AC = reftanglc of CD and CB = rec- 
tangle CF (ibid.) : butre^nglcBF 4- CF = fijuar^ 
BG (Ax, 8) i therefore BG or the fqixare of 
BC«BA* + AC*. 

. Cpr. I, T'if ffuare efeiiher ft^ is equal tp fbd 
difference f?etween the Squares of the hypotbenufi and 
the ether Jid4\ BA* ™ BC* — AC*, and CA* 

BC* — BA\ 

Cop. 2* Th^ reffangh of the fkm ^nd difference of 
the ' hyfothenufe and otie of tbejides^ U equal to tbo 
Jquare of the other fidu • 

For BA^? = BC* ~ AC* (Cor. i) :^ BC + AC 
X BC — AC (Prop, XIL I), 

, Con 3* If ihe ffusee of one JOi of a triangle b^ 
equal to tbefum of tbefquares of the other two^csi 
then the angle comprehended by them i^ n right angle. 

For if it was greater or lefs than a right angle, the 
(Dppolite fide wo\;ild be greater or lefe than the hypo^* 
thepufe of a right-angled triangle (Cor. Prop. VI) j 
^d its fquare greater or lefs than the fqqares of the 
other fides. 

Cor. 4. ^perpendicular CA is the seareft d^ance of 
f pfint Cj frm a right line HA. 
: Cor. 5. /w atr^ triangle ACB, if a ptrpendicular 
be let fall from the oppfite mgU A, on the bafe 
CB, The difference of the fquares of the fides., fs 
equal to the differme of the fquares of thefegmentSy 
AB* — AC* = BI> — CD% . 

Por AB*--BD*= AD* =t AC* — CD* (Cor t. 
Prop, XXO- Apd AB\ — AC* =^ BD* ^ CDf 
(Ax. 3/4). , 
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PR OP. XXII. tiG. 

In an obtufe-angUd triangle ABC, if a ferpendtcu-- 37* 
lar be let fall upon the hafe •, or one fide adjoining to the 
cbtufe angle B ; then the fquare ^ the Jidt oppoftte to 
that obtufe angle is equal fo tbejum of the Jquares of 
the two tefferjidesy together with twice the reSangle of 
the bafe and the diftance of the perpendicular from the 
obtufe angle : AC* = AB* + CB* + iCBD. 

For AC* = AD* + CD* (Prop. XXI) = AD* 
+ CB* -f BD* + 2CBP (10. 1) = AB*+ CB» 
+ aCBD (Prop. XXI). 

Cor. 7'he defiance of the perpendicular from the 

u r 7 i>n AC^ — AB^~CB* 
obtufe angky BD := ^^g ^ 

PROP. xxin. 

If a perpendi0ilar be let fall upon the bafe^ or fide 38; 
adfoining to an acute angle B, of any triangle. Then^ 3^^ 

^he fquare of Jhe fide oppofite to that acute angky to- 
gethtr with twice the re^anglcy of the iafe^ and the 
difianfo of the perpendicular from the acute angle \ is 
equal to the fum of thefquares of the two other fides : - 
AC* + ^CBD = AB* + BC*. 

For AC* = AD* + DC* (Prop, XXI) = AD« 
4- BC*+ BD* — 2BD X BC (Prop. XI, I) =n AB* 
^ BC* — aCBD (Prop, XXI), Apd AC* + 2CBD 
• ;= AB* -f BC* (Ax. 3), 

Cor, The diftance of the perpendicular frm the acute 
y r, . AB* -H BC* ^ AC* 

PROP. XXIV, 

Tfr dwf tHangU ABC, let fall a perpetuScukr AD 40. 
§u the bafe BC, and make Vi? =:JXk. ^ben 41. 

Jstbebafe^CBi 

ffum of the fides, AC 4- AB : : 
- , , So ' 
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F I G- ^0 difference ef tbefideSy AC — AB : 

40. , to different of the fegmenU of the bafe^ 7 pp 

41; * or the 'alternate bafe \ 

For CA* — AB* = CD* — DB* (Cor. 5. 
Prop. Xxl) ; that is, . , ' 



■ ■ ■ l> ^ M 



^ A ^ <A B X C A — Ai5 = CF X CB (Prop. XII. I); 
whence CB : ^A + AB ': : CA — AB : CF (Cor. i. 
, Vto^. All. Propprtiori). 

. Cor. The difference of the fqaares of the Ji^es^ is 
tqual to twice the re£langle of the bafe^ and the dijianci 
of the perpendicular from the middle of the,hafey 

C\' A«- = 2 Bxt'U. 

'. For it Co = oB, then CA* —• AB* r= CF 
X ^ B = f CF X 2CB 5 but ^CF = Do $ for (Fig. 4.0) 
CF = 2Bi— FB, and iCF = Bo — BD = Do. 
And Q-ia. 41) CF ?= zB^ -f FB, and 4CF = Bo 
+ BD =i Do, • 

" PR O P. XXV. - 

42. If an angle K\of a triangle BAG be bifeSed by a 
right li7te /^D, which cuts the bafe ; the figments of 
'the bafe will be proportional to the adjoining fides of the, 
mangle-, BD : DC ; : AB : AC, ^ 

■ Produce BA,. and make AE =: AC, and draw the 
line CE ; becaufc AE = AC, the z. ACE •== E 
(Prop. Ill) = 4BAC (Pr.op.l) = BAD- <hyp.). 
Therefore DA, CE arepacailels (Cor. 5. Prop, IV). • 
Therefore BA : AE or AC : : ^D : DC (tTop X.il). 

Cor. I. If' the fides he as thefegments of the bafe \ 
the line A D, bifeSks the angle A t 

For fiiice BA : AC or AE : : BD : DC, DA 
and C£ are parallels (Cor. i..Prop. XII) \ and 
BAu =:^ z. E, and DAC = ACE = E (Prop. III). 
\Yhence,B.vD = DAC, and' A is bifeded by AD. 

Aj^ Cor. 2- If a line bife Sling the z^rtifal angle^ of a 
•triangle cuti iM h^fi^ it %ill bi , 

'8 ^i 
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As the fytn of the Jides^ B A + AC : FIG.' 

to their difference^ BA — AC : : , 43, 

• J So the bafel BC : 

to difference of the fegmentsBD'-^ DC. 

For BA : AC : : BD : DC (Prop. XXV), and 
BA f AC : 3A — AC : :. BD -|- DC (BC) 
: BD — PC or 2 DO (Prop. XII J. Proportion) i 
wher^ O is (he ipiddle point of the b^fe BC* 

PROP. XXVI. 

If ^ angle A. of a triangle ABC, be hifeSled by a 43, 
fight line AD, . which cuts the bafe j the fquare of 
the bifeSling line, together with the reSangle . of 
the fegments, is equal to ' the reSangle of the Jides \ 
AD' + BDC :^ BAC. 

. Produce AD and make the aDBP = DACl 
Then the three triangles CD A, PDB, and PB A are 
iimilar. For AD = PBD = PAB, CD A = PDB 
(2. 1), whence C = P, *nd ADC t= ABP (Cor. r. 
Prop- II)* Therefore CD : DA : : PD : BD 
tProp, XIII), whence DA x PD = CD x BD , . 
(12. Proportion). Again, CA : DA : 2 AP or 
Ad + DP : AB (Prop. XIII), therefore CA x 
A B = AD» + D A X D P (12. Proportion) = AD* 
+ CD X BD (Ax. 3). 

PROP. x:xvii. ' ., 

In an ifofceks triangle ABC, if a line be dr'awii 4^ 
from the vertex to cut the bafe ;. thejquare of that line, 
together with the reSlangle of the figments of the bafe, 
is eqtialto tbefquareeftheftde j B£* + AEC = BAV 

Let BD be perpendicular to the bafe, then 
^A* = BD * 4. AD» (Prop. XXI) = BD» -f 

AE + ED* = BD* -f AE* + ED* + 2AEP 
(Prop. X,I.>=QE^ -}- A^» + 2AED (Prop. XXI) 

= Bp* 



ftg «* ELEMENTS 
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FIG. = BE» 4- AE X AE 4. 2ED (Prop. IX. I) 

44. = BE« 4- AE xEC, becaufe AE + aED = EC. 
For 2 AE + ' aED = AC, ther«fore taking away 
AE, AE4-2ED = EC. 

PR o P. xxvni, 

45. A aiy triamU B AC, if a line AD i* drawn from 
the vertex to tie middle of the hafe. The fum of the 

fquares of^tbefides^ is equal to twice tbefquare of half 
the bafe^ together with twice the fquare of the line that 
HfeSis the hafe j AB» + AC* = 2 AD* + aDC*. 

■^ 
For AC»+ 2CDP = AD*-f DC* (Prop. XXIII), 

andDC=DB(hyp.), 

therefore AC* = AD* + DC* — 2CDP (Ax. 4) > 
and AB* = AD* + DB» -f 2CDP (Prop. 22), 
Aercfore AB* + AC* ^ aAD* -f jDC* (Ax. 3). 

Cor, AB»— AC* e (4CPP =) 2BC X DP. 

PROP. XXIX, 

* 

46. ^f tbfPHgi ^m^ point E« within a triaftj^le ABC, 
$^rte lines TQjVR, PS, be drawn parallel to the 
three ,^d»s of the triangle \ tbefroduSl orfoUd made by 
tite alternate fegments of tbefe Unes, will be eqttal, 
TE X PE X RE = QE X SE X VE. 

The triangles TEV, PEQ^ SER, and ABC arc 
all fi(nilar (7. 1), whence 

TE : VE : : AC : BC (Prop. XlII). 

PE : QE : : AB : AC. 

RE : SE : : BC : AB. 
M^henccTE X PE x RE : VE x QE x SE : : AC . 
X AB X BC: BC X AC X AB (Prop. XVIII. Pro- 
porcioh)^ But the two laft terms are equal, thererore 
, TE X PEV re; = VE X QE X SE (Prop. II, 
Proportjoi)}. 

PROP. 
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I 



4- V 



V 



s. 



AG : 


GC : 


: IE 


CF : 


BF : 


: RE 


BD : 


AD : 


: PE 
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PROP. XXX. . FIG. 

Jf three lines AF, BG, CD, he drawn through 46. 
dw/ point E, witoin a triangle ABC^ to the opprftte 
Jides ; the predtUls of the alternate fegments of thejides' 
are equd j that iSy AG x CF >^ bP :i: CG x BF" X ' 
AD. 

For drawing TQ, VR, PS parallel to the fides 
of the triangle, then 

QE (Cor. Prop. XIII). 

VE. 

SE. 

whence AG x'CF x BD : GC x BF x AD : : TE x 
RExPE:QExVExSE(Prop. XVIII. Propor- 
tton), but the two laft are equal (E^p. XXIX) -, 
therefore AG x CF x BD = GC X BF X AD 
(Prop. II. Proportion). 

P R 6 P. XXXI. 

Three lines drawn from the three angles of a triangle 
to the middle of the oppofite ,fides, all meet in one point. 

Let BD, AE bifeft the oppofite fides AC, BC ; 47, 
and through the poiflt of interfeaioa G, draw CGK, 
and EL, DI parallel to it. ^ 

Now fincc BE = EC, and AD = DC, we have 
BL = LK, and AI = IK (Prop. XII). Alfo finc<^ 
BE =s 4BC, and AD = iAC, it wiU be EH z^ 
jlCG = DF (Prop. XIII). Therefore the trian^cs 
DGF, HGE, having all the angles equal (4. I)^ 
are fimilar and equal (Prop. Vll) •, whence FG = 
GE, and confcquently IK = KL (Cor. 2. Prop. 
XII), therefore Al = IH =KL = LB = :SAB. 
And AK, = KB. And therefore if the line CK be 
drawn through the^ middle point K, it will pafs 
through G ; otherwife the line paffiiig through G, 
would make AK greater or leflcr than KB. This - 
may alfo be demonftrated from Prop. XXX. 

Con 



3» 
FIG: 

47. 



4S. 



49< 
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Cor. Hence the diftance of the point of interfeSiioit 
G, from any angle, is twice the diftance from the oppo- 
fitejide, BG = aGD, 6rc. 

For fince BK = 2KI, and AK = 2KL, there* 
fore BG = 2Gt), and AG =r 2GE. Alfo fince 
DI = DF 4. FI = 3HL or jt'l, therefore 2BI -z^ 
DF = GK = EH = iCG. 

PROP. XXXII. 

Three perpendicular lines 'ere£led on the middle of the 
three Jides of any triangle^ all meet in one point. 

Let E, F be the middle points of AB, CR; 
FO, EO two perpendiculars. From O draw OD 
perpendicular to AC. The right-angled triangles 
COF, EOF are fimilar and equal, and CO = OB 
(Prop. VI) ; alfo the right-angled triangles EOE^ 
AOE, are fimilar and equal,whcnce 80=0 A (ibid.) ; 
therefore CO = AO; therefore in the ifofccles tri- 
angle AOC, .the perpendicular OD bifefts the bafe 
AC (Cor. 3. Prop. Ill) : and if it bifeds the bafe, 
it pafles through O. 

« 

Cor. The point of inter feSion O, of the three per- 
fendicularsy will be equally dijiant from the three ^/i- 
gles. 

For t^e triangles COF, BOF, are fimilar and 
equal (Prop. VI), and OB == OC. Alfo the tri- 
angles COD, AOD, arc fimilar and equal (ibid.)> 
and CO = AO =: BO. 

PROP. XXXIII. 

If two right-angled triangles BID, BED, he de- 
fcribed upon one hypouhsnufe BD, lying on different 
fides thereof and the line EI drawn to the oppofite an- 
gles \ I foy^ the angles DBI and DEI are equals which 
Jlandupon the fame fide DI. 

Make 
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Make BC — CD -, draw ECF and CI. Then F I 
CD, CI, CBj and CE arc all equal (Cor. 6. Prop. 49. 
XX). The external angle ICD = CIB' + Ciil 
(Prop. I) = 2CBI (Prop. III). Alfo the external 
'.angle ICF = EIC + lEC - 2IEC (ibid.). Alib 
FCD = CDE + CED = 2CED (ibid.). Thcrcfure 
>y addition ICF + FCDi jhat is, ICD - 2AED = 
2CBr,, and AED = CBI, or lED =r IBu. . ; ' 

PROP. XXXIV. 

Three perpendiculars dra^n from the three angles of 
a triangle^ upon the oppojite Jides^ all meets in one 
point. 

Let AT, CE be perpendicular, to CB, AB ; and 50, 
through the point of interfcftion D draw BDF \ 
draw CK perpendicular to CA, ^Hb draw E/. 
^ Theoppofite angles IDC and EDA are equal 
(2. I), and the angles at F and I are right, there- 
fore the triangles ADF and CD I are fimifar, whence 
AD : bD : : CD : DI (Prop. XIII) -, therefore the 
triangles ADC, and EDI are fimilar (Prop. XIV), 
and angle DEI - DAC = ICK (Prop. XX). Bur 
the triangles DBE, DBI are right angled at F and 
1, whence ^DFI:^ I BI (Prop. XXXIII) ; there- 
fore DBI or FBC = ICK, and therefore BF is pa- 
rallel to CK (Con 3. Prop. IV), or perpendicular 
to AC. And if BF be perpendicular to AC, it 
will pafs through D* 

PROP. XXXV. 

three lines bife£iing the three angles of a triangle, 
(til meet in one point. 

Forlet CDF and ADE bifea the angles C, A ; 51 
and through D, the point of interfedion; draw 
BT G. Then BC : CG : : BD ; F G : : BA : AG , 
(Prop. XXV) ; and BC : BA : : C(r : AG (Prep*. 
IV. Proportion) i whence BDG bifeds the angle B 
- " , (Con 
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FIG. (Cor. I. Prop. XXV), therefore die line hiic&xnQ 
5'- the aB, paues through D. 

Cor. I . If two lines bifeS two Angles of a triangle^ 
the point of interfeflion D, is equally diftant from . ' 
the three fides. 

Let D», Dtf, D/ be perpendicular on the three 
fides. Then the triangles BD», BD^ have one fide 
and all the angles equal, therefore Hn z=: Do 
(Prop. VII) ; alfo the triangles AD^, AD^, have 
one fide and all the angles equal » therefore D^ = 
D^ (ibid.) = D». 

Cor. 2. Segment hp + the oppofitefiie BC = half 
ihefum of the fides. 
For half the fum of riie fides =s lAp + iCn,^ aB». 

•PROP. XXXVI. 

52. If the three angles of a triangle he lifeHed hy the 

lines AC J BC, DC, and any one BC continued to the 

cppofite fide^ and CP be drawn perpendicular to that 

fide, AD i Ifay^ tbt angle ACE = DCP, or ACP = 

DCE. 

For fincc z. A + B + D = two right angles 
(Prop. .II), therefore CAB + CBA + CDP = a 
right angle = DCP + CDP (Cor. 2. Prop. II) \ 
therefore CAB + CBA or ACE (Prop. I) = 
DCP. 

PROP.* XXXVII. 

^5. 51&^ area of a right-angled triangle ABC, is equal 
to the reff angle under ha^ the perimeter^ and its ex^ 
cefs above the hypotbenufe. 

The perimeter or circumference is thedjum of 
the three fides. Now fince the triangle ABC Ts 

AC V CB 

right-angled at C, the area = (Cor. 2. 

Prop. X) i and AB* = AC* + CB* (Prop. XXlj, 
or AC* + CB* — AB* =? o. Hence four timc.^ 

the 



I 
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the area = 2AC x CB = AC* + CBV+FIG. 
2 ACB — AB^ = A C "TCB' ~ . AB* (io. I) 53* 

:i=AC + CB + AB.xAC^-CB — AB (i^* I). 

A J L AC+CB+AB AC + CB — AB 

And the area t= = x ■ * ■ > ■ ■^ ■ » > 

2 . 2 ^ 

-. AC + CB-.AB AC + CB + AB . -« "* 
But •— -i- = — ^--J- -2:^ AB. 

2' 2 

Cor. y^ tfr^i^ of a right-angled triangle^ is iquat 
So the rectangle under the two excejfes^ of half the 

perimeter above each Jde ; i 3L- — — BC, 

.AC + CB + AB .^ 

2 
For ^^ + C^ + AB _ rB — AB + AC ^ BC 

2 ~ % ^ 

J AC + CB + AB . ^ Afi + CB— AC 

and -2 J^ AC = — ^ > 

2 2 ' 

, AB + AC — BC AB + BC ~ AC 
and -i- X -^- — = 



MiM* 



AB4.AC-CB AB — AC-CB _ AB'^AC-CB 
2 ^ a - "~ 4 

AB» — AC* — CB» + 2 ACB ,^ -.-^,. 
a: ^ (Prop. XXIj =s 

= area (Cor. 2. Prop. X). 

PROP. XXXVIII. 

In any triangle ABC \ add the three ftdet together 54, 
into one fum ; and tikewifefrom the fum of every two 
Jides^ fuitraSt the third ; and you will have three re^ 
mainders. Then take the produCl of the faid funty 
and one of the remainders ; and likewife the produSl \ 
wf the other two remainders. 

Then I fay^ four times the area of the triangle^ is 
a mean proportional^ between thefe two produSs. 

Take AE, and AF, equal to AC, and draw CF, 
CEj alfo draw CD perpendicular to AB- ,Then 

D A3 
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FIG. AB X CP = twice the area (Cor. 2. Prop. X). 
54. And tlie angle 1FCE is a right angle •, for AFC = 
ACF (Prop. Ill), and AECii ACE; (ibid.).-, there- 
fore AFC -f AEC = AGF + ACE = FCE (Ax. 3) 
cs a right aii^e (Cor. 2. Prop. 11). And AD = 

" °* "^ ,fiS~ * (Cor. Prop. kXIII). 

Now DE = AE — AD =s AC — AD 
AC X aAB — AB» — AC* + CB* 



7" ... _2AB 

CB + AB — AC X,CB + AC — AB 



(ir. I). 



2AB 

> Alfo FD =i: FE — DE = 2 AC— DE =: ^^^Jl^ 

, 2AB 

^^ 2ACX2AB — ACX2AB+AB»+AC»— CB» 
-DE = ■ -^^ 

AS* + AC* + aAC. X AB -- CB* _ 
= — "- ^AB '' ~ 



AB + AC+BCXAB_+AC-BC^^.^ tutDC 

is a meatn between DE and DF^(Cor. 3. Prop. XX), 
therjefore DC x i AB is a rheafi between DE x 2 AB 
and DF x 2AB (Prop. V. Proportion) ; that is, 
four times the area of the triangle ABC, is a 

mean proportional, between CB + AB AC 

X CB + AC — "A B, and AB + AC + BC x 

AB + AC — BC. 
5^. Cor. I. From half the fum of the three fides of 
any triangle ABC, fubtraSf each fide fe^arately. Then 
take the produSl of that half fum and one remainder \ 
• and alfo the froduEt of the other two remainders., 

Then I fay^ the area of the triangle is a nfean pro* 
portional between thefe two produSls, 

.^ CB 4- AB — AC CB+AC—AB 
For ' X ^ ; area 

.^^ AB +. AC + BC A3 + AC. — BC 

2 ^ 2 * 

(Cor- 
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(Cor. I. Prop.V. Proportion) are In continual pro- FIG. 
portion Prop. XXXVIII). 55. 

g^^ CB + AB ^ AC ^ .QB^AB + AC _ ^^^ 

. CB + AC — AB CB + AB -j: AC . „ 

and - '■' !. ■ ■ ' .rz " ' ." ' , ■ . < ■ — — AB. 

J AB + AC — BC CB 4. AB + AC „ _ 

and " ■' ' ■■■ =: ' ■ " '■ * — JJC 

a 2 

therefore, ^r. 

Cor. 2. if/ S = AC -f BC, D = AC — BC, 56. 

iTi&m /i&f i^r^tf AJBC is wfdi^ pn^trtional betweett 

i X SS — AB% and ^x Aa» — DD. 
^ For 1 X ^731ir_, 8_±AB ^ S-AB ^ 

AC + BC + A^ AC + BC\ -- AB ' 

• ' - " a ' ' ' "' ' ^ ' ' '' ' ' 2 * *Pr 

i-X AB-~DO =- ^^^ .Px ^^-^ = 

4> 2 2 

AB + AC — BC AB+BC — AC • . , . ,' 

L ^ X — -^— • — , which IS the 

2 • ' ' 2 ■ • . _ 

-fapiCj^as.Cor, i. fyppofing two-tcrnis in the extremes 
• to change places, byCor. 3.;J?rop. Xli. i'roportiofl. 

PRO P* XXXIX. 

^be fiptare of the fide cf an equilateral triangle^ 
is to the area ; as \to ^^. 

Let CD be perpendicular to AB^ then AD =r cy. 
. DB = ;AB. Then CD* = CA* r-r- AU» (Cor. i. 
Prop. XXI) == AB'— ^AB* = ^AB\ And CD = 

V ^— - = — V'S- B^t the area of the triangle is 
4 2 

AB X iCD = AB X— v^3, and 4xarea = AB*x^^3 

4 
..(Cor^ s?. Prop. X); whence AB* : iarea : : 4 : s/^. 

Cor. T'it^ y^tf^r^ of the perpendkular is equal to 
\ the fquare of the fide% CD*a::i-CA\ 

For CD* =: CA* ~ AD* (Cor. XXI) - C A* — 

• iCA*c= 4CA*. D 2 BOOK 



$€ fie ELtMEl^tS 



BOOK III. 

« 

Of Quadrangles and Polygons. 
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DEFINITIONS, 

^i O. I. J\ ^adrangle or quadrilateral^ is a plane figurJT^ 
£\ bounded by four right lines. ^ 

|;$. 2. A paralfelogram is a quadrangle whole oppofite 
fide^ kre parallel^ as AGBH. The line AB drawn 
to the oppofite * corners is called the diameter or 
diagonal. And if two lines be drawn parallel to the 
two fideSj tlirough any point of the diagonal ; they 
divide it into feveral others, and then C, D are 
- called parallelograms about the diameter : ^nd E, F 
the complements : and the figure EDP' a gnomon. 

3^ A rtSlangle is a parallelogram whofe fides arc 
perpendicular to one another, 

4, A fquare is*a reft^gle of four equal fides. 

^9. 5. A rhombus is. a parallelogram, whofe fides are 
equal, and angles oblique. 

58. 6. A rhomboides is a parallelogram, whofe fides 
are unequal, and angles oblique. 

' 60. ' 7. A trapezoid is a quadrangle, having only two 
fides parallel. 

61 • 8. A trapezium is a quadrangle, that has no 
two fides parallel. 

52. 9. A polygon is a plane figure enclofed by many 
right lines. If all the fides and angles are equal, 
it is called a regular polygon^ and denominated ac* 
cording to the number of fides, as ^pentagon. $ 
fides, a hexagon 6, a heptagon 7, &?<:. 

10. The 






]^ ^ 
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10. The diagonal of a quadrangle or polygon, is F IC 
a line drawn between any two oppofite corners of 6ip 
the figure, as AB. 

11. The bight of a figure is a line drawn from 
the top, perpendicular to the bafe^ or oppofite fide, 
on which it ftands. 

12. Like or fmilar figures^ are thofe whofe feveral 
angles are equal to one another; and the fides 
about the equal angles, proportional. 

13. Homologous fides 01 two figures, are thofe 
between two angles, relpie&ively equal. 

14. The perimeter or circumference of a figure, U, 
the compa^ of it, or fum of all the lines that 
inclofe it. 

15. The internal angles of a figure, are thofe on 76. 
the infide, made by thofe lines that bound the 
figure, ADC. 

16. The external angle of a figure, is the angle y^^ 
made by one fide of a figure, and the adjoining 
fide drawn out, BAF. 

P R O p. I. 

In any parallelogram the oppofite fides^ and angles^ ^2* 
are equal \ and the diagonal divides it into two equal 
triangles: AB = CD, AC = BD, and tnan^^ 
ABD = ADC, tSc. 

For fince AB, and CD are parallel (Def. 2), 
/.BAD = ADC (4. 1) : alfo; becaufc AC and BD 
are parallel, BDA = CAD (ibid.). Therefore the 
triangles ABD and DCA, are equal in all re^edb 

(7. 11). 

PROP. II. 

*the diagonals of a parallelogram^ interfeS each 
fitber in the middle. 

In the triangles APC, BPD, /. CAP = BDP, and 64. 
ACP = DBP (4. 1), and a BPD = APC (2, 1), and 
AC = BD (Prop. I) i therefore AP = PD, and CP 
= PB(7. II). D3 ' PROP. 



*8 ./t$e tJa^W^l^TS 

^^ • • • 

'* • « 

Fid. PR OR m.; 

uffoy /f»^ . BC pajjing through th'e middle ofiki iia- 
gonal of a parallelogram P, divides the afeaintd two^ 
equal parts. 

65. ; Foir in the triafigks ABP, and DCPi AP =2^ PD 
(Prdp. II)? and all the aiigleJ- aire fcqiiiV (4. I).- 
Therefore thfc triaffgle ABP == DCP (>/. 11)^ and 
»P = PC (iBid.). And firiee triangle AED^^ AFD 
(Prop, I) i the refttairtdert BPDE and GPAF ftrt 
^ual J therefore BPDE 4- PDG = CPAF -f APB, 
thac is, HBGD = BAF€r • 

I 

I 

Cor. yinyi. right lineBC drawn through th^ tniddle 
point '^ af the diagonal of a paraUelogram^ isi^fiSiei 
in that point i BP = "PC ' . 

PROP, IV, f . i v' 

66. In any parallelogram ABDC^ the cmpUmkfi^ Cl^ 
and IB, are equal 

. . ; For triapgli! ADC = ABD (Prop. I)« an4 AJJI 

= AGI, ancl JED = IFD (ibid.) j therefore paral* 
lek>grai¥i HE = paralletogram GF (Ax. 4)« 

PRO P,. 7. 

, 56. 1 7ife paraflelograms HG, EF, wi/VA ^ir^ ^^^ /A* 
diameter. ADy of any parallelogram CB^ areJimiUr to 
/^ whale CB, d/i^ /^ ^^^ anc^iber* 

The parallelograms HG, EF are equiangular to 
the whole CB (4. I), and to one another, The 
triangles ACD, ABD, as alfQ AHI, AGI, and lED, 
IFD, are fimilar and equal (Prop. !)• Therefore 
AH : HI pr AG : : AC : CD or AB : : IE : ED or. 

J J?, tHerefori: the paralfelograms ar^ like (Def» ii). 

» 

PROP, 
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>,^ a,p,^ yi, F,iG. 

JParallelepiatHs A3CD, 'and p^C^F, landing upon 67. _ 
ifi&? Tflwtf iafe and^ httween the fame parallels ^ are 
tgual. ' ' ' :■'.:' ^ 

'• For AD = BC = EF (Prop. J) ; add DE. 
then AE = DF, and AB = t)C (I»rop. I), art4 
;6A = CDF (Gor. I. 4. I). /Therefore triarigjli 
ABE =r DCF (6. II); fobtraa DGEi'then 
the figure ABGD 5= EGCF> «dd-BGC, thcA 

ABCD = BEFC. .... :: 

Cor. I. Par^kgnqms of e^fol bafes and b^hts^ 
arj equal. ' ' .. V;-! 

For if their baies be laid upon iCtne. another,. $he 
topi ci bctth Ktil&ll in the fame paraUel, Jbeiog of 
equal hight i and therefore they vtt equal. Sj^ 

prop-)- ..... "' . 

^ , Cor,, 2. , Every pdrallelogram is equal to the reSlangle 
efttsbajeandhight. ' .' ".^"^ -Iv 

Cor. .3. Figures ] of the f/fme ^reaj hay have ihiir 
tompdjs vajily different:' 'And figures' (f equal (omph% 
may contain very different areasr" * : n\ 

* . • . r " . » •» 

PRO P. VII. - -^ \: 

-^ parallelogram is double to a triangle of the fame ir 
an equal bafe and bight. \ - ' 

JFor the xri^ngle ACD = ABD (P;op. I), that is, 63. 

the' triangle ACD, oh the bafe CD, is half tfie 

t)^rallelogram ^CDB on the fame bafe CD, arid 

J)f twceh the farfve parallels. And fince any triangle 

oif an cfiual t^fe and bight is ^ ACD, and any 

: paraUeld^ram of the fame or an equal bafe and 

hi'ght = ACDB; -' Therefore any triangle is half 

^he .parallelogram of the fame or equal bafes and 

hights. 

- D4 PR OR 
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EIG. PROP. viii. 

68. parallelograms of the fame bigbty are to one another 
as their bafts j DC : GF : : BC : GH. 

Dmw the tfiaoieters BA, EH. Then the triangles 
SCA) GH£, of t(ie fame bight, are as their bafea 
BC, GH (II.. 11). Ther^rc 2BCA : aGHEl: 
) : BC : GH (Prop. V. Proportion) : that is, paral- 
lelogram BCAD : parallelogram GHFE : : baic 
BC : bafe GH. 

I 

* Qor. I. Parallelogram of equal hafes^ an as thdr 
higbts. 

Py Cor. 2- Prop. VI. as likcwifc 

Cot. 2, Parallelograms are So one another^ as tbeir 
iafis and bsgbis. 

P R O P, IX, 

6^. J^qual parallelograms having one ifngle ejual So 
one i have the fides \about the e^ual angles reci^ 
frocally proportional, ff ABCP = EFGH, then 
AB : BG : : BE : BC. 

Let the oppofite angles at B be equal ; produce 
DC and FG to H. Then AB ; BG : : BD : BH 
(Prop. VIII) : : BF ; BH (A)?. 6. Proportion) 
; : BE : BC (Prop. VIII), ' 

Cor. I. Thofe parallelograms are equals which have 
one angle equal to one *, and the fides about the equal 
angles^ reciprocally proportional. 

For BD : BH : : AB : BG (P«>p. VIII) : : BE 
: BC (hyjp.) : : BF : BH (Prop. VIII). There- 
ibre parallelogram Bp =s parallelogram BF. 

Cor. 2. Equal parallelograms^ have their bafes and 
bights J reciprocally proportional 

Cor. 3. If four lines are proportion^ % tbereRangU 
> pf themtans^ is equal to tkere3angle of the extremes. 

' PROP, 
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PRO P. X. PIG,^ 

Equiangular parallehgrams AC, EG, are in the 7^ 
tomplicate ratio of their homologous Jides^ ABC, £BG. 

Produce DC, FG to H. Then parallelogram 
AC : BH : : AB : BG (Prop. VIII), and paral- 
lelogram BH : BF; : CB : BE (ibidj. Therefore 
parallelogram AC : parallelogram BF ! : AB x CB 
: BG X BE (Con i. Prop. XVIII. Proportion). 

Cor. i. Parallelograms are to one another ^ in the 
£omf>licate ratio of their bafes and hights. 

Cor. 2. The reSangk of two lines ^ is a mean pro-^ 
fortional between their fquares. 

For fuppofing AC, EG, to be fquares ; theH 
AC : BH : : ( AB : BG : : BC : BE : :) BH : BF- 

PRO P. XL 

In any paraHelogrofpi AD, thefufn of theftpiares of yi^ 
the diagonals^ is equal to thefum of the fquares of all the 
/tdes: AD* 4. CB* = C A* + AB* + BD* f DC*. 

For CE = EB, and AE = ED ( Prop. 11). Alfo 
CD» -f DB» = 2DE» + 2CE» (28. II). Aod 
»CD» + 2DB» = 4DE» 4. 4CE% that k, CD* 
4. AB* + DB» -i- C A* = DA' -f CB*. 

• 

PROP. XII. 

If from any point O, in the reSangUKD, Unef U ftl 
drawn to alt the amies \ thefum of the fmares of 
the lines drawn to the oppojite comer Sy wiaie eqtUu: 
AO» 4. 0D» = BO* -J- OC». 

Draw AD, BC, to interfedfc in P, then AD =s CB 
(6. II), and thdr halfe, AP = PC = PD. Then 
CO* + OB* = aCP* + 20P* (28. II) = «AP* 
+ 2OP cs AO* + OD* (28 . II). 

PROP. 
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FJG.' PROP., ^IIL 

'7^. In- an^Jrafeziufn A'SXiCy /^/ E, F be the 4niddle 
points of the diagonals y AD, BC. ^^hen the fum of 
the fqitares of the- fides ^ is equal to the fum of the 
flares - cf tl^e diqgofials^ 'together with four times the 
, • fsuare of fhediftance^ between the middle points of the 
diagonals : AB* + BD* + CI>* + C A* = AD? 

For AE* 4-' Eti* = sAF* + «EP (28. II). Alfo 
.AB* + AO=;.2CE» + .2AE» (ibid.)i alfo^D' 
^ DC* t= 2CE* 4-' 2DE*: And adding th^ two 
Jaft equations, AB* 4- BD^^kDO + CA» = 4Ct», 
4 2AE» + iED^ = CB* ^ 4AF* + 4EF» =tB» 
^AD» + 4EFV . • '■■''. 

prop; XIV. 

74. In any trape%iw^ ADBCi ^ ^» F, be the middle 

»ir 'fSiints ^ t^o ^o^Jife fides. , 3l6^;j /i&^ j(«w ^/ i^^ 

^ fquam of the other twofides^ together with thefquares 

cf the diagonals^ is e^alto ihefum of sthe fquares of the 

bifeSedftdesl together with four times thefquare of the 

iHifii^ncQ cf tbefe middle points :^ AG* + DB*4- AB* 

,+ CD? 5= .Af5^ 4- QB* + 4EF*. 

'Draw i^/ED, Then AE* + ED* t= 2 AF' 
+ 2EF* (28. II)i and AB*- + AC* = 2CE* + 2 AE* 
(ibid.), andDB*.TKDC*=2pE* + 2DE* (ibid.). 
Add.th? (;wo laft equations, AB' -4- AC* -f DB» 
: 4: DC* = ^4!qE» -f 2 AE* -f >2ED* =: CB* -|r 4AF* 
4- 4EF* ?='CB* + AD* + 4£F*. 



-^s 



PROP. XV. 

. ' tm^ of the .e^tte Jiies \ tki ^Jhw '(^ [the h^ 
*tpf 4iagonaIfi is t^ual (aJwce ^he Jim tf $Ife fquarts if 
the bifeVing Um ; AB* ^ CD* 5: ^EF*-^ ^^Ql- 
r.c ' • *For 
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For AB'+DC'+BD^-l-CA'za AD»+ CB» + 4EF» FIG. 

(Prop. XIV). 75.' 
And AB» + DO + BC»4- DA* =± AG* + DB» + 4pQi 

(ibid.), 

and adding tbeie equations, 

,2AB* + 2DC* -f BD* + CA* + BC» + DA* : 
= At>* + CB* -4- AC* 4- DB* -f 4EF» + 4P(>, 
and lubtrafting what is common, aAB* -j- 2 DC' 
1= 4EF* + 41^0:, and AB» -f- DC* = 2EF» 
+ 2fQ:. • 

PRO P. XVI. 

^hefum of tht f bur inter Hal angles of any eptadril^r 
teral figure^ is equal to four right angles. 

Draw the diagonal AC ; Iheii the fum of all the 7^^ 
angles in the triangle ABC, or ADC, is two right 
angles ^2. ll) ; therefore the .film of Jboth is four 
r^t angles. ; . . - . ; 

</or If' two^ angles of a quai^cmgle he rigit sngUs^^ 
i^Jkm (f the other two amounts f^tuo^ right nngks. " 

PROP., xyii. 

' ^hejitw of all the internal angles of a polygon ^ makes 
iwtce as many -right angles^ abating four ^ as the polygon ; 
ifasjides. 

- Fdr dMwktg liMi from alt tiie ang^es^ ta a poimt 11^ 
O within the figure, it comen to be dividttl \p^ as 
many triangles, as the, figure has (ides or angles. 
Und each triangle contains two right angles {2. il), 

A^ thefe amount to twice as many right angles, as the 
figure has fides ; but the angles at O are to be abated* 

, i»d thefe amotmt to four right angles (Cor. t. 
Prop. !• I). 

Cor. Uena dl iri^4if^ figures^ ^f ihtfamewtt^hcr 
Pfftd^i% home the fum of all tb$ intmial mghs ^ud. 

P R O R 
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FIG. P R OR XVIIL 

Itie Jum af the external angles cf any fclygcfu is 
tqual to four right angles. 

yj. For all the internal angles, together with the ex- 
ternal angles at the points A, B, C, 6fr. make twice 
as many right angles, as the figure has (ides (i. I) ^ 
and the fum of all the angles of the triangles ABO, 
BCO, ^c. amounts to the fame (2. II). Take away 
all the angles, EAB, ABC, &^, and there remains 
all the external angles A, B, C, iSc. equal to all 
the angles at O, that is, four right angles (Cor. u 
(Prop. I. I)* 

, Cor. All right 'lined figures^^ have the fum of their 

external angles equal* - . 

Scholium. 

78. If any of the angles be greater than two , right 
angles, as A ; the e«ernal angle will run into the 
figure, and muil be fubtrafted from the fum of the 

reft. 

PROP. XIX. 

79. In two ftmilar figures AC, PR ; // two lines BE^ 
QT, be drawn after a like manner^ as fuppofe^ to mal^t 
the angle CBE = RQT ; then tbefe lines have the 

fame froptfrtion^ as any two hnmUgous fides of the 

figure^ BC to QR, i^c. 

Since Z.CBE = RQJ, and R = C (hyp.) j 

therefore BE : QT : : BC : QR (13. II) : : BA 

: QP (Def. 12) : : AD : PS (Ibid.) : : DC : SR. 

Alfo BC : CE : : QR : RT i andBC : BE : : QfL 

, : QT, ^c. 

Cor. I. Hence all Jimilar Jiffir^ are made up of 
Jmilar triangles. 

Draw 
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Draw BD, QSj and AC, PRj then BE: QT FIG. 
: : BC : QR (this prop.) : i CD : RS (Dcf. 12) ^5, 
i : CE :.RT (this prop.) ; : DE : ST,(f rop.VIII. 
Proportion) % therefore the triangles BCE and QRT 
are limilar ; and BED and QTS are fimtlar. 

Again, the ii A = P, and AB : AD : : PQj PS 
(Deffiz); therefore BAD» QPSarefimilar (14. II). 
Alfo /.B ss (X and AB : BC : : PQ^: QR, there- 
fore ABC and PQR are limilar (14. II). Laftly» 
/.D = S, and AD i DC :t PS : SR (Def. 12)4 
ihcrefbre ADC, PSR are fimilar ("14. II). 

# 

Cor. 2 . Hence it may if laid down^ as a dijlingui/hing 
froperiy of Jimilar figures^ tl{ap they are maae up of 
^milar triangles^ placed in the fame order k 

PROP, XX. 

All fimilar figures are to one another as thefquares of 
their homologous fides. 

Let AD, PS be fimilar ()olygons ; draw AC, AD, , 80. 
PR, PS, vrhich ynll divide the figures into triangles ; 
(Cor, I. Prop. XIX). 

Eecaufe AB : PQ.: : AC : PR : : AD : PS(i3.II)> 
therefore 

AB» : PQ^ : : triangle ABC : PQR ( 1 8. II). 
and AB* : f Q* ; i AC* : PR* : : triangle ACD 

: PRS (ibid.). , 

and AB' : PQ* : : AD' : PS* : : triangle ADE 

: PST (ibid.). 

therefore AB* : PQ; : : triangle ABC + ACD + 

ADE : triangle PQR -f PRS + PST (Prop. X. 

Proportion) : : %ure ABCDE : figure PQR ST. 

Cor. Jf three lines A, B, C h in continual propor- 
tion ; then as the firfi to the thirds fo any figure de- 
fcribed on the firfi ^ to a fimilar one upon the fecond. 

For A : C : : A* : B* (Prop, XXIIl. Propor- 
tion) : : fi^re upon A : figure upon B (this prop.), 

PROP* 
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fj<5. - "p aloi p.'xxi. 

8i. ^ fei0 Um ie ftvporiioni^i AS : DE :: GH 
{ iJ6/l ■% j^mktr^gw^Sy atiki imfiapibei upon^ two and 
two, fiM aljii ie proporttMaU ASC : lEKEF : : 
<5HJ4C : LMNO: 

And iffottr^gHreshtfropor4mid, and tw 4ind two 
h/tthilar $• tbiir likefiSesJadl hfrtpwttonal. 

' For&vccAB : DE t : GH : ,LM (hyp.), 
tlwrefore AB* :"!«£*: : .Gfl*: LM* (Cor. 3. 
(Pjx)p. XVIII. Proportion), 
whence AfiC : DEF : GMI : LMN (Prop. XX). 
Again, if the-fig«ires be fimilar, 
' 'and ABC : I>Ey : : GHHC : LMN.O (hyp.). 
then AB* : DE» : : GH», : LM» (Prop. XX), 
vrhence AB : DE : : GH : IM (Cor. 3. l8, 
P<oportibo). 

PROP. XXII. 

82. JfV} figtare defcribed .en tif J^otbem^e of a right" 
angled triangle^ is equal to two Jimilar figures defcribed 
the fame way upon the iw> -fides : BFC == ALC 
+ AGB. 

• For %. BCF : CAl. : : BC* : CA» (Prop. XX). 

: BAG AB* 

therefore, BCF : CAL + BAG ; : BC» : CA» 
4" AB* (14. /Proportion). 

But'BC* = CA» 4- AB* (21. II) ; therefore BCF 
= CAL 4- BAG (Prop. II. Proportion). 

PRO P. XXIII. 

g 5^ The area of a trape%oi(l ABCD, is equal ti> the tec- 
*: tangle of half the fum of the parallel ftdesy and the per- 

BA 4- CD 

^ periocular, between ihem : > i ■ ■ ^ x BP, 

Draw 
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Draw AF paraM fo BD, ^ndBP perpttlditttkf Pto: 
to CD. 'Thfcnt^areaABDF = ABxBPorfO- fli^ 

xBP(Cor.2. Prot).VI)=^i2^i*li:X^^ And. 

the area of the triangle ACF = iCF x BP. (Cor. 2. 
(Prop. X. II). Tftertfore CAF + AFDB ot thtt ' 
trapezoid CABD = AB + DF + CF ^ ^^ _ 

AB 4- CD «o 

PROP. XXIV. 

^ir^ area of a trapi^dum ABDF, is equal to half 84* 
the re^an£le under the ^agonal AD^ ^md the fiM of 

the perpendiculars falUng thereon from the opp^Jiet 

BC -t- EF 

Mgles : AD X ~ — -^ 

• - • 

AD V RG 

. For the ^iWgle ABD :s= ■ ■ ^ (Cor. 2. 10. 

II) } and the triangle AFD = ^^ (}bid.)<* 

AFD or the trapeziam A8DF ss 



AD X- BC 4. FK 



«» 



PROP. XXV, 

Jny regular figure ABCDE, is equal to a triangle^ 8 j;, 
wbofe iafe is the perimeter ABCDE A ; and 'hightj the 
perpendicular OP, drawn from the center^ perpendicu- 
lar to one fide. 

Two perpendiculars, as PO, ftanding on the 
middle of two fides, meet in the center, O (9. 11). 
Or two angles A, B bifefted by two right lines, 'meet 
in the center, O (Cor. i. 3. II): whence dl the 
lines OA, OB, OC are equal ; and all ^perpendicu- 
lars drawn from O, upon AB, BC, CD, 6?r. ate 
, equal. And all the triangles AOB, 30C, ^c, afe 

3 . ^^^^^ 
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FIG. equal and fimilar. The fum of all the triangles 

«/: 1 1. c .1. • ABxOPBCxOP^. 
•5» make up the figure, that is, ^ , — j , efr. 

AB+BC + CD + DE + EA ^^ ^ 
or — ^ 2 X OP = figure, or 

a triangle whole bafe is ABCDEA, and hight OP 
s= die figure* 

Cor. Tbe area of a regular fofygon is equal to the 
reS angle of one fide into the perpendicular from the 
tenter upon that fide ^ and that multiplied by half the 
numier of fides. 

SdHOtlVM. 

Any polygon, r^ular or irregular, may be divided 
in as many triangles, lefs 2, as the figure has fides ; 
by drawing diagonal lines. 

PROP. XXVI. ^ 

Onfy three forts of regidar figures can fill up a plane 
furface \ and thefe are fix triangles^ fourfjuares^ ana 
three hexagons. 

It is required to place ibme number of thefe figures, 
with their angles upon one point, fo that being joined 
clofe together, they may fill the whole fpace around 
St, and leave no vacancy. 

It is plain the angles' about one point are four right 
angles (Cor. i. 1. 1), which want to be filled up. 
Now if the angles of the feveral figures be computed 
by Prop. XViT, they will be found as follows. 
1^^ A triangle ^ of a right angle =: A. 

A Iquare i right angle -=. n. 

A pentagon i^ right angle. 

A hexagon if a right angle r= C. 
fcfr. 

Now •} of a right angle 6 times repeated, makes 
4 right angles, and therefore fills all the fpace \ that 
is, 6 angles of an equilateral triangle fills it. 

Alio 
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Alfo 4 angles <rf". a fquarc (or 4 X i), makes 4 F I G. 
right angles. 86. 

But 3 angles of a pentagon (or ^ x Xj ) falls Ihoit }. 
and 4 angles (or4 x i-f) exceeds. 

Alfo 3 angles of a hexagon (or 3 x li) makes 4 
right angles. And thefe are all 1 Uk 

The angle of a heptagon (and oilier figutes) is 
bigger, and therefore 3 angles will exceed 4 right - 
ones. And to have two angles, each muft be right 
apf^CBi y/bich is abfurd. 
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BOOK IV. 

Of the Circle, and infcribed and cir- 
" cumfcribcd Figures. ' . 
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DEFINITIONS. 

FIG. !• A C'/rc& is a plane figure delcribcd by a right 

87. jf\ line moving about a fixt point, ABD. Or 
it is a figure bounded by one line equidiilant from a 
fixt point. 

2. The r^»/^ pf a circle, is the fixt point about 
which the line moves, C. 

3* The radius^h the line that defcribes the circle, 
CA. 

Cor* yf?/ w radii of a circle^ are equal. 

4. The drcufnference is the line ddfcribed by the 
extreme end of the moving line, ABD A. 

88. 5« The diameter^ is a line drawn through the 
center, from one fide to the other, AD. 

6. Kfemicircle^ is half the, circle, cut off by the 
diameter, as ABD. 

7; A quadrant^ or quarter, is the part between 
two radii perpendicular to one another^ as CDE, 

89. 8. An arch is any part of the circumference, 
AB. 

9, AfeHor^ is a. part bounded by two radii, and 
the arch between them, ACB. - . . 

10. A fegment^ a part cut off by a right line, 
DEF, orDABF. 

lu A 
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1 1* A €ordj a right line drawn thijpugh th? cirdci F I i&. 
>^DF. . ' 89. V 

I a. Angle at the center^, is that whofe angular point 
is at the center A CB. 

1 3. Angle at the circtifnfer^ncey, is when the angular 90, 
pomt. is in the circuRifere/icc^ BAD- ' 

14. Angle inafegment^ is the angle njade by two 
lines drawn from fomc point of the arch of that' feg- 
itient, to the ends of the bafc ; as BCD rs an angfc in 
the fegmeht BCD. 

1 5. Angle upon a fegment^ is the angle made in the 
oppofite fegmenr, whofe fides ftand upoji the bafc of 
the firft ; as BAD, which ftands upon the fegment 
BCD. 

i6.'A4angent\^ a line touching a circle, which 
produced, does not cut it, as G AF. 
'17.' Circles are faid to touch one another, which 
meet, but do. not cut one another, 
. t3. Smilaf- arches^ or Jimilar feSlon^ are thofc 
bounded by radii that make the fanf)e angle. 

19. 'Similar fegments are thofe which contain fimi- . 
lar .triangles, alike placed. 

20. A /^«r^'is laid to be infcribed in a circle^ or 
z circje- circumfmkd about a^ figure \ when allthean- 
gular points of the figure are in the circumference 
of the circle. 

2 1. A circle is faid to be infcribed in a figttrfe, or a 
fiffHre circumfcribed about a circle ; when the circle 
touches all the fides of the figure. 

22. Ont figure is infcribed in another, when all the 
angles of the inlcribed figure, are in the fides of the 
other. 

P R O P. L 

^be cord of afy arch AB, falls intirely within the 91; 
circle. ' 

For draw CA, GB \ and CD to any ppint of the . 
cordi then Z.A = B (3. II). And z. CDB =. 

E 2 A + 
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F lO. A + ACP ( 1. 11)-= B + ACD, therefore CDfi b 
91. greater than B, confequently CB is greater than CDy 
(4. II) i therefore D is within the circle* 

P R O P. II. 

g2^ ^ie radius CR, hifeSls afiy cord at right angles^ 
wbicb paffes mt tbroug'b the center^ as AB. 

. For draw AC, BC, and if AF = FB, th^en fincc 

AC = CB, and CF common 5 therefore CFA'sa 

. , CFB (8. II) = a right angle j and angle ACF 

~Or if AFC = CFB and A = B, then ACFss. 
BCF ; and CF being common,^ AF = FB, ThjS 
prop, follows from Cor. 3. Prop. Ill* Book IL 

Cor. I' If, a line hifeSts a cord at fight angles^ it pajes 
through the center of the circle. \ [ 

Cor. 2. The radius that bifeits the cordy alfo UfeUs 
the arch. 

For fince ACR = RCB, If CBR be^Iaid upon 
CAR, the point B will fall upon A, and therefore 
RB = RA. 

Cor. 3. If two right lines do not both pafs through 
the center^ they cannot both be bifeSed by each other. 

For if they could, they muft both make right 
angles with the radius. 

PROP. III. 

g^. I^ ^ circle^ equal cords AB, GD, are equally diftant 
from the center^ C. 

For let CE, CF be pcrp^ to the cords 1 and 

draw CD, CA -,. then in the triangles, ACF, DCE, 

' AC = CD, AF == DE being half the cords 

(Prop. H) ; and angles at F, £ right -, and the angles 

at C, both acute, therefore CF = CE (^^ 11). 

J Cor. 
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Core If fever al Urns ie drawn through a circle j the ¥ I Q. 

grsai^ is the diameter^ and thofe thai are nearer the ^3^ 

center Hh are greater than thofe that are farth& 

off^ DG. 

For draw CFJ, then CH is greater than OH (4. II), 

and therrfore 2CH or the diameter is greater than HI. 

And fince z. HCI is greater thw DCG, HI is greater 

ihan DO (Cor. 6. II). 



PROP. IV. 

If from a point G, out of the center^ fcveralUnes GD, 94* 
GE, tSc. he drawn J the greatefi is that G)f which pfijfes 
tf^t^mih \tb§ center f and thofe nearer tv GF are greater 
than thofe further off. . 

jilfo GH (the remainder to GF) is the leaft^ and 
ihop het&eft^ ;/, as GA> ttre lefs than thofe farther 

,CDnw CE, CD, CA, CB, from the center C 
ThECniGC i-f- CE or GF is greater than GE (5. 11)% 
AJfAin t^c triangles GCE, GCD; GC, EC areequal 
to GCr OC i but z. ECG is greater than DCG ^ 
finticfort EG is greafier than DG. 
. i :-AlfoSG.^;GD is greater than CD or CH, take 
away CG, and GD is gfeacer than GH. Affct .the 
lame manner GA is greater than GH ; and GB 
greater thW GA. 

Cor. I . Only two lines drawn from G to the ejrcum- 
ference can' be equal \ and Ue^ on different ftdes of the 
diameter HP. 

For no tWo-Iines on the fame fide can be equal. • 

Cor. 2. If from any pointy three equal right lines 
can be drawn to the circumference 5 that point is the 
center^ C. 

Cor. 3.. No circle can cut another in more than two 
points* 

E 3. For 
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F I G. For then three equal lines might be dnwu from 

94. -8 point out of the center to the circumfe^ocet 

which is abfbrd. • • - 



95' 



06. 



PROP. V. 

Iffr^m a point G without a circle, fever at right tints 
he drawn to cut it. Of thofe that fafi to the concave 
part, the great eft is that GF which pajfes through the 
center^ and thofe nearer to GF are^ greater than thoft 
further off. ' * 

But of thofe that go to the epnvex part^ the k^ft u that 
GH, which continued would pafi through tbe^entfr^ ami 
thofe nearer to thaty as GAx ^^^ kfs' than' thofe^furf her 

^tf", GD. -.^sUslA l^T..^ 

. . : ■ • . •■ ^ I.J ^uk 

For in the triangle GCE, GC rf GE 9^ ^Pf i? 
greater than GE. ' And' in the trianglesg^Cl^ 
GCB ; (X, CE are equal toGC, CB, and Z.GtE 
greater than GCB, thierefbre GE is ^reate> thaiGB. 
. Alfo in the triangle CGA, C A -+--AG 'ofe^n^ddr 
than CG or CH + HG (5. II) j takcawa^ (iJA.:=: 
CH, and AG is greater thaA HG. Ajid'Jri)th« 
triangles CAG, CUG \ CG, CA ar« equal td^CG^ 
CD*; and4n|IeGCAlefs.than6CD'i :thcrcFoiM5A 
is lefsthan GD (Con 6. II). c- ^ ,f' - 






\'r 



•> 



Cor. I . nere can only two equal lines ^f:^W^*L^^ 
the point G to the circumference of the circle. 
- For no two are equal on one fide of GF* • .^ ">-' 



J "»» 



Cor. 2. The great eft to the convex part^ or. the leaff 
to the concave party is tb&tapgent to the circle. ^ z;^ 



PROP. Yt. 



T". J 



.7 



In arty circle^ if feveral radii be drawn making equal 
angles % 4he arches and feiiors comprehended thereby will 
he equal, if ACB = BCD ; then\ arch AB = arcb 
V I ; i and fUUr ACB = BCD. 

For 



t 
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For fince jlACB = BCD, and CA = CD; FIG. 
therefore if the angle DCB be laid upon BCA, DC 96. 
will fall upon CA, and D upon A, and confe- 
qucntly the arch DB will toincide with AB, as well 
as the fedor DBC wirii ABC, tonfequehtly arcK 
DB = AB, and fedor DBC = ABC (Ax. 8). . , 

Con I. In equal circles ^ the radii making equal 
mglesy comprehend equal arches^ andfeSors, . j 

Cor, 2. In the fame or equal circles^ the radH 
ptaking equal angks, comprehend equal cords ABy BD. , 
' For thefc will coincide with qne^ another. It alfa 
follows from Prop. VI. II. 

v.. . • , . • - , • « 

'Cor. 3. Equal cords cut off equal arches^ ahdequa^ 

figfnentss in the fame circle. " 

- For if laid upon one another, they perfeftly coin-- 

dde,' as has been proved. ^ ' ^ • 

p K 6 p. VIL 

In the fame or equal cireksy the arches^ itnd alfo the ny^ 
fiB^Sy are p^ortional to the angles inter cepte4 iy the, 
radii. . / . : 

Take any arch' AB as'fmall as you will, and let 
AB = BC, ^c. alfo AB = QR = RS, &c. and , 
drawing C A, CByCD, 6fc. and 1»Q, PR, PS, 6?<-. 
then^H the angles ACB, BCD, QPR, RPS, 6f c. are . 
equal (Cor. i. Prop. VI). Whence AP is as mul- 
tiple of AB, as the angle ACF is of ACB, There- ' 
fore AP: :AF :: ACB : ACF (Prop. V; Proper- 
tion). Alfo Oy is as multiple of QR. or AB, as 
QPV' WtofQPR or ACB, whence AB : QV : : ACB 
:.QPV (ibid.) ; whence AF. : QV : : ACF : QPV 
(Cor. 2. 1 4, Proportion). 

The fame reafoning holds in the feiflors, for feft. . , 

A€F is as multiple of ACB ; as ^ ACF R of the 
/. ACB. And fedl. QPV is as mukiple of QPR or 
•i ■ :" -. E 4 ABCj ' i 
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FIG. ABC; aj L QPV is of ACB. Therefore fe£fc. 
97- ACF:fc^. QPV::.atigleACF:.4.Ql'V. 

Cor. 31&^ angle ACF /j /(?,4 r/^ifc/ angUs ; Ar^Jk 
orr^ AF, is Pa the whole circuniferfmtm 

PROP. VHI. . , 

q8. In all circksy Jimilfir arches an as fhe radii, cf thti 

circles. , ~ 

Let the circles AFG zn^ afg'\it both defcribcd 
from tjie farae center, C. 'Draw the radii CA, CF^^ 
then the ardies AF, a/are fimilar (Def. i8). Draw 
CB cxtrcmftly near C A. ^J^h^^: , the figures or Ifec-^ 
tors Cab^ C^iB, approach very oeai- to jfofcck* 
trianglesi which am fimilar to. ope anotiher^ becauic 
the iL at C is common (3. II). .Therefore Ci>, : ah 
: : CA : AB (13. II) 5 arid Qa : CA : : ab : AB 
(4. Proportion), Now Jf you. fuppofe BF divided 
into more arches, equal to A!B ; ahd more radii CB 
drawn ; '^^wiil then contain as m^iity archer e<^al to 
ah.. Therefore af is as mukiple of at, as AF is oB 
AB 5 therefore ah: AH: : af: AF (5. Proportion)! 
whence C« ; CA : : a/: AF (i. Proportion), ..." 

PR OR IX/ 

08^, ^he dnumfer^ences of circles are t9 -cm afidiher^ ai 
their diameters. , • ' 

For AF ; circumference AFG A : 4 ACF : 4 right 
angles (Cor. 7) : : LaCf : 4 right angles ::af : cir* 
cumference afga. ^ Ana AFGA : afga : : AF .-4^ 
(4. Proportion) : : CA ; ca (Prop, VIII) j : iCA'?: 
Z Ca (5. Proportion), : . : ^ . 



M 



Cor. The circumf arenas of circles are, of their, ^^k 

p R b », 
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PR OP. X. FJG? 

Aright line AG, ferptnditular ^tp the' diameter AD 88. 
Hf a circle^ at the extreme point A» tquches the circle i^ 
that point j and Ues wholly without the circle. 

Tb any point O in the lirte GAF^draw the line 
CO from the center* . Then the hypothenufc OC is 
greater than the fide AC (4. IF). Therefore O.W 
without ^the circle. And fo it is for anf point be- 
fides A \ therefore the line GF is. entirely out of the 

circ^f . . 
Cor. !• Hence aright Unet^ches axir cleanly in' one ' ^ 

• . . /. 

Cor ;2 . If a right line touches a circle in onepo^nt^ 
it it perpndiculflr to the diameter in that point. 

^ \Qor. 3 . All ciuksy whoje cenUr^ are in the line, j^P, 
«n^ who/e circumferences pa/s through the point A, ti^ucb » . 
0u another y and the line G£^1c{in the fmiept^intA* 

'Cpr. 4. Hence^ if iwo circles r tmcb one another^ ^gi 
Ht her inwardly pr mtwar^yi the line paffing through 
tjtieir centers y C, B, D, JhaU alfo pafs through the point of 
4ontM^ A. ' ; '^ _ 

Otherwife a line, touching both circles in that 
pointy could not ht perpendicular to both diame- 
ter- ■ . 

Cor, 5. TwpcircleSy can onfy touch in one point \. /, 
From the centers B, D, draw BO, DO, to apqini 
O in the exterior circle. Then in the triangle 
BODs DB + 80 is greatcr.thao DO.or DA^or 
PB + BA (5. II). . WhenccBO i^ greater thaaBA 1 
^i^efore the pomt 0* is without the circle AE.< Ir» • 
like manner, drawing CO ; DO -+• CO is greater 
tMn DA + CA, and CO greater than CA, thcre- 
6)rc O fall? without the circle AL 

PRap. 
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FiG^t, PROP. XI. 

106. ' 7iie angle of.. ccntaSi between a right line and a 
circle DAI, is lefs than any right-Uned angle whatever i 
DAL. 

-: . Draw BE perpendiculir to AL, then the jSde PA. 
»ppofite to the right an^ BEA, w greyer rhi^ tho 
fide BE oppofitc tft. the acute :angle.:BAEi(ftr:.U). 
T&erefore the point 'E» and fo the whole* ^iMiAEtv* 
falls.within thcjcirclcL . . ; . , '.\ 

Cor. I. Hence the angle of a femicircle BAl'ifi 
greater than any actft^ angle iJt^hatever. ..,/-, 

Cor. 2. The angle of contaSl DAI, is infinitefyl^ 

than a ri^bt angle. . 

«* For tf\it wasih a finite proportion to a right angle, 

then an acutfc angle might be found equal to it. -.- - 

* ¥ " . ' . . ■> • • • 

• 'Cor. 3. If any othet circle le defcribed tbroitgh'A^ 

toitb any radius greater tban AB, // will fall entirely 

between tbe tangent AD and tbe circle AL\^ andmdie 

^ , , tbe angle of conta^ Ufs., And circles may be defer ibed 

- ^d infinitum, wbicbfiiall mly toucb one another in A^^i 

tbeir centers being all in\tbe line AB produced, \ 

All this appears by Con 5. Prop. X. cofn^arcd 

with this prop. . ^ y .^:. . ' 



,'A:, 



PROP. XII. 

101. Ih' (t .circky tbf angle at the center is double the 
|02. ffngle at ihe cir/Htrnference^ Jtafiding upon, the'' fa^ 
^rc>&V BDC =-2BAC. ' ' ' > , 

t*. '. 1..1 -J < f.* I. /.J A . .J T .. ".J . ; v_' 

• Cafe I. Wli^'drifc'fide AFprfies through thfecW-' 

i<^' j^a the ifofcde^^ triangle ADC,- A D^AG tt ]&CA«- 

' (i. H)/ and the lYDt t^D'Mj^ DCA-I^^-TTV 

r;2FAC. -^ "• " ' '■..■'■• ":!»' . 'ffri ^ it 

- <3arer2.'4f ^tfji cehtei' 6i the drcle WwitHih th©: 

angle BAG i draw-A'bF, then-By-Gafe <i Fl^Oa^i 
^^' ''^ ': 2 FAG, 
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aFAC, and FDB = 2FAB, therefore the whole f 1: G^ 
BDC=:2BAC.. 101/ 

Cafe 3. If the center of the circle be without io2. 
the angle, BAC ; draw ADF, then by Cafe i, 
ED^ = aFABi and HDC = 2FAC, therefore the 
remainder BDC = 2BAC (Ax. 4), 

[^ Cor'. *i. ^be angle at the circumference fianding 
lipen any drcb^ is equal to half the angle at tfe 
center y upon the fame arch j ot to the angle at the 
Center upon half the arch. 

Cor. 2. In the fame or eqiidl circles ^ the angles at 
the circumference^ dre" equals which ftand upon equal 
arches or equal cords. 

. \ This is plain irom Con i^ 2. Prop. VI. 



« \ 



p R o P. xm. 

yiU angles in the fame fegment of a circle, are equal, loa, 
D AC = DBC, and DGC == DHC. 

For jlUGC' and DHC are each equal to the 
angle at the center, on half the arcKDABC. *And 
I>AQ DBC a^-e caqh of them, equal to the angle 
at the ccpter, bn half the arch AGHC. 

Or thus. 

^ ' The Z.DGC =. iDOC = DHC (Prop. XII). 

Again, ^DEC=:DAF + ADF(i. II) = DBC 
. + BCF (ibid.),' but ADF = BCF (Prop. XII) j 
> therefore DAF or D AC = DBC (Ax. 4). ' - . 

Cor. If the extremities of two equal arches DA, 
BC, i ke joined ty right lines^ DC, Mti they will be 
faralhl. , ' ^ 

. For z. BAC = DC A (Con 2. 12), therefore 
AB, CD ixc parallel -(Con 3. 4. I). . 



/ 
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PRO P. XIV.. . 

■ -jTiie HMgit ABC i/T t» jethidtcle is v* rM/ ^^^ 
.■.'■- • - - ■ ■;'••''-• 

.:IF<»adtr»w!BP'to the- center, :ai(Ai BIXA, KDC 
are two ifofceles ji^nang^;.'therefoie3aAB'.d: jDAft^ 
and pgB = DPC la- m. Ao4 DAB n- PCB,= 
£rBA ^ DBC =s:ABC (^x, j) = half of t^Q rjgbjt 
angleS'C*. II).= aright;angJe. . ' ',, • ' •; 

Con !• 7*/^^ <7»^/^ ABG, in a p'tatar fe^mmi 
ABFCj^ is Jefs tt>an ^^ right angle y and the ax^le 
ABF, in a kfs fegineht ABF, is greater than a rtgb^ 

angle. •• ■■ ';• - ;/ " ;'\. v. 

This is evident by infpefting the figure. 

Cor.-^^; '^ a line h' drawn^fnm H>r middle vf the 
hypothenufe (of a right-angled trianglel^ to the right 
angle '^ it cuts tlfe^^friar^e.^ynif r^d ifofceles tri-r 
angles. - • -^ ' * - ' — . 

the circle ; or arch BD — GH =i 2EFi if A is •uot 

cut. VI 

/Tne-.draW Hl'iJamllel to GD, flienDI 5; GH 
(iJ$e/ 13),. and aodilBHI = BAD c= EGF (4. 1), 
yilisefarc, EF cc iBI (Cor. i; 12) ; and eEF ds - 
BI = BD^ <3B» .wfien Ais Withm, but =s BD 
— r GH, when A is without the circle. 

r^ ---'>'•- - - ^ - . ... 

:Qfyr\ u If from ^ psini mtk^^ \two lines touS 
« circle ; the angle made by them is equal to the angk 

^.^:ii^^,i A(^n4ing cnj>aif^ rieSi(rmiy of $hefe 

twolpartsof tkfei ciuuf/^er/npc. •«•:.. ' . *. 



'. ^ 



This 
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tacoiocide in'tt^ periphenfj^ then -half their (tiffe- I05>' 
rcncc will be =a EF. ; : t. i : ,. : 



A *» wifiin % of A = BHB'.UftDG, wi«»: A </« 
^»Ubout tbi circle {1. II). ...>''« • \ 

1 I - - O . I • 

PROP- XVL 

In a circle^ tbe< ^ngk maii ^ tl^e pointy of cental -106. 
hetween the tangent and any xoriy is equal to the 
dngle in the alternate fegmnt \ ECF =i: EBC", ani 
EGA = EGG, 

Through th* center O, draw the diameter COD, . 
which is -J- to CF (Cor. 2. 10). The Z.CED vs 
right (Prop, XIV) j therefore Z.D + DCE = a 
right angle (Cor. 2. 2. II) = DCE -|-,ECF| 
therefore D = ECF, or EBC = ECF (Prop, XIII). 

Again, CEG + ECG + G = two right anglea 
(2. II) = GCF + ECG -f ECA (1. I), CEG 
4- G =3 GCF + ECA, btJt CEG = GCF (this 
prop.), therefore G = ECA (Ax. 4), 

• Cor. A^ tangent to the middle point of an archy it 
parallel to the cord of it. 

For if arch CB = CE, then, cord CB = coid CE 
(Prop. VI. and Cor. 2) j whence ^E = B = ECF 
(this prop.), -whence BE, CF are parget (Got. 3.. 

4. I). 

P H O P. XVII. 

, tf frtm any point B in afemicirekj a perpeniiiular IO7 
^ BP be let fall upon the, diatftetey^ it will he a mean 
^dportional between the fegments of the diameter : 
AD : DB : : DB : DC. 

For drawing AB, BC, the triangles ABC, ABD, 

)BBC arc fipjilar, for z. ABC is right (Prop. XIV), 

' - "^ " and 
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FIG. Cor. I. Let O be the center ^ then the reSa^le 
fil. CFD is equal to^-tke f^re of the diftance from the 
getiter — tmUms fquat^ i CFD =x F O* — AQ'. 

For AF X FB n? FO -*- AO x FO + AO = 
PO»^.AO»j(M. I). , 



\ Cor. 1. Let HF 3^ a tangent at H ; then the reEl^ 
eiHgle CFD = fquare of the tangent FH. ^ 
^ For FO* ~ AO* =: FO^ ~ OH* = FH* 

<Cor. I; 21. II). ^ 

Cor. 3. If Jeveral lines FD, FG, are drawn from 
the fame point F ; the reSangles (f the whole and 
txternal fegment^ will be all ejual to me another i 
CFD = EFG. 

For they arc all equal to the rcftangle AFB. - 

Cor. 4. If from the fame poif^ F, two tangents he 
drawn to the drcky they will be equals FH = Fi. 

For the fquare of cither of them is equal to the 
rcdtanglc AFB. 

PROP. XXII. 

tlli If a line PFC be drawn perpendicular to the diame- 
ter AD of a circle j and any line drawn from A ta 
cut the circle and perpendicular \ then the rectangle of 
the dijlances of the fi£iions from A, will be equal to fhe 
reSangle of the diameter and the diftance of the per- 
pendicular from A ; AB X AC = AP X AD« 

For draw BD^ and the triaftgles ABD^ APC 
arc fimilar, for z. at A is common, and Z.P and B 
are right (14) ; therefore AD : AB : : AC : AP 
(13. II), arid AD X AP = AB X AC (12*- Pro- 
portion). 

Cor. I. ^ PF cuts the firfle in K, then AB X AC- 
ps A'^ • 

Cpr, 
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' Cor. 2. If more lines AEF bedra^n^ aUtberefl' FIG. 
^Hgle^^AFy BhC are e^uaL 112. 

For they are all equal to the redangfc PAD, 

P R QR XXIIL 
In a circle YXi^ whcffe center /Jr C, and radius CE,' 113* 
if the points B, A, be fo placed in tbefiia^^^^ produced^ 
that CBj CE, C a be in c&ntinual pn^tion^ then 
fwd Unes Bi)^ AD dra'u^n from thefe points^ to any 
point in the circumference cf the circle ^ wiH iUways be 

in the given ratio of BE to AE. 

••" . . ' . ' " 

Draw Dip perpendicular to the diameter EF,- then- 
DP* = EPx PF (173 =2CE X EP— EP', whence 

Xfr=Afi+bP' + PD* (21. ll) = AE» + EP» 
+ 2AEP + 2CEP — EP* (10, 1) =AE*-t- 2CE 

xEP + 2AExEP.-AlfoBD«^=BE — EP* + 
PD* (21. II) = BE* — "2BEP + EP* + 2CEP 
— EP* (n. I) = PE» 4- 2CEx EP — 2BExEP. * 
» And fmce CA : CE : CB -J^, therefore- AE 
.: CE : : EiB t CB (iJ.Pi-oportioh), or. AE : EB 
c t CE! t CB (4. Proportion). Alfb AE" : EB* : : 
CE» :' CB» i : C A : CB (2 3. Prdpbrtion) : : CE 
+ AE : CE — . EB : : 2CE x EP +- »AE x EP 
t.2GE xEP — 2EB x EP (5. Proportion). And 
AE^ ::EB» : : AE* + 2CE x EP -h'«AE x EP : 
EB' r4-*CE X EP — 2EB X EP ( I cf. Proportion) 
: : 4EP ;rBD\ And AE : EB : f AD : BD 
-(Cor. j: 18. Proportion). 

' ^ PRO E. XXIV. 

. , /fTy^C: be two points^ in the diameter of a circle^ 114, 
edtiidijlant from the (;entir O; and if t^O' line's be 
drawn from thence to atvf point E, in the circumference^ 
thefum of their fjuares will be e^ual to the fum of the 
Jquares of thejegments of the diameter j DE* + Ct-* 
r:Ae+CB\ . : / , 

■ . . F ^ For . 
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FIG. For draw EO to the center O, then DE* -f CE* 
1 14. = aDO» + 2 OE' (28. ;i) = 2A O' + a be. But 

AC + CB' = AO -j- OC* + AO— CX:* r= AO* 
+ OC» + 2AOC + AO* + OC» — 2AOC 
(fo. II) = 2AO* 4. 2C)C» zz DE* + CE*. 

Gor. I. Hence the fim of the fquares of DE, CE 
is equal to twice the Jquare of the radius 4- twice thi, 
fquare of the defiance of one of the points from the cem* 
ter 5 DE* + CE* c; 2 AO* 4- 2QC*. 

# 

Cor. 2. The fum of the fquares of any two cor^ 
refpondent ones will be equal. 

. For they ^e all equal to the lame gnrn quaa- 

tity.. \ . , 

t 

PROP. XXV. 

1 j^. If any cofd VCU>e drawn parallel to the Mameter 
AB, of a circle j and from a given point C in that 
diameter y the lines CP^ CQJe m-axvn to the two ends of 
the cordi I fay the fum of their fquares is egu/zlto the 
fim' of the fquares of the fegments of the Sameter \ 
Cp» + CQ: = AC* + CB*.. .. . ^ 

FordriwPS, QR -x- to the diameter AB, thcrf 
PS'or QR» = PC*---SC* =QC*— RC*(ii.n) -. 

chat is, PC* ■— SO + OC*= QC* — s6%ttOC\ 
or PC* — SO* — 2SOC — OC* (lo. J) ::;:' Q^» 
— SO' + 2SOC — 00, becaufe OQ. i: OS . 
Th erefore PC* = QC* + 4SOC , but AC* + CB* 

= AO -i- OC* 4- AO — OC* = 2AO* X »OC* 
(10, XI. I). " But PC* = AO* + OC* 4- aSOQ 
(22. H) .= QC* + 4SOC. Therefore 

QC* = AO* 4- OC* — aSOC* 
PC* = AO* + OC* + aSOC 

therefore PCa + QC* = aAO* + aOC»= AC* 
+ CB% 

Cor, 
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Cor: r. The JuM of tbHr fimres^ PC* + QC* = ^ I G. 
iAO» + iOC\ . , .115. 

. . . , , 

Cot. 2* The difference of their /(luar^SyVC^ -^iQ^^ . 
»= 4SOC 

Cor. 3[. ^// ibefe.4bii^$ htfld jfW, /^ thtpdim C /i 
taken without the circle. . . 

jfe^ £1 r/rf/^5 ^ il jp;?^i DiB he let 'fall f¥m ditypnHt -li jf, 
* D, itpM iht dianietBt Gf^ ^ffi the tangent DO ^tf#^ 
frofftli\ thin ABi -AC^ AO, wilihUontinmlfyfr^ 
portionah / • * - * , V - 

Draw the raditls DA, then the triangles ABD, 
AD(§V 4re fimikirV fe* the arigles fet B arid D arc 
figfrt' (Corf ^i it)i arid angle A eoiAiiibn j whencfe 

AB-: AD r: AD : AOj that is, AB : AC : AQiffl. 

■ ' ' • I ' / ' • ■ , . . "CI 

PROP. X5CVIL • ^ 

J^ a triat^lt NDQ bje infcribed in a, circle \ and if . 117^ 
fee ^^ drawn parallel to the tangent AT 9 /^^ifi AB, . 
AC, AD, are continually proportionaL 

' For the triangle ABC, is fimllaf M ACD ; jfor 
Z. D = TAC (16). =, ACB (4, II), dnd A is 

cohimdn ; therefore ABi AC t : AC'i AD (13. II). 

■ ■* ■ , ' , - ♦ 

C(w, AD r DC : : AC : CB* 

I 

:? R o p. xxviii. 

If a triangle BDF k^ infcribed in a citctci and^d 118, 

i^endicular DP let fall from D /)» /i&^ oppoftte fide 

BF, W the diameter'DA drawn 5 /^^» ^j theperpen- 

Mculhr^is to one fide including the angle Vt ; fo the oth^r 

fide, to the dianikef of the circle j pP .: DB : : DF 

F » For 
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F I G. For drawing AF, the triangles BDP, and ADF 
II 8. are fimikri.for z.A= B. (13), and angles at P 
and F arc right (14) ; therefore DP : DB : : DF 
:DA(i3. U). 

Cor. ^be reff angles of the fides of an infcnbei 
triangU % is equal to the reOangU of the diameter^ nnd 
the perp. on the third fide. 

PROP. XXIX. 

i 19* If a triof^le BAC ke infcribed in a circle^ and the 
anSf A bifeSed by the right Une^ AED ; then as one 
fide^ to the fegment of the bifeSting tiniy within the 
triangle % fo the whole bife^hg line^ to the other fide i 
AB : AE : : AD : AC. 

Draw BD, then the triangles A6D, ACE are 
limilar j for l.T> = C (Cor. a. n), and BAD = 
EAC (hyp.) ; therefore AB : AD : i AE : AC 
(13. II) J and AB : AE : : AD : AC (4. Propor- 
tion)* ' 

• • • . » , • « 

Con If an angk of a triangle (infcribed in a circle) 
he hife£led; the reSlangle of the fides ^ is equal to the 
reHangle of the whole bifeSing line within the circle^ 
, .and t^fegmfint within the triangle : , BAC zs, DAE. 

^^ jP R O P. XXX. 

120. ^f o. circle be infcribed in a triangle ABC, and lines 

be drawn from the center. D, to the points of> conta£l 

E, F, G i then airf fegment BF or p!E joining to the 

angle B, is equal to half tbefum of the three fides — 

. 4he oppafitefide AC. 

For the triangles BDF, BDE are fimilar and equal 
(9. II); for Z.F = Z.E a right one (lo), and 
DE = DF, . and BD common ; whence BF = BE. 
In like manner CF = CG, and AE cs AG. Then 
fuice the fum of the fides is BC + CA -f AB ss 

aBF 
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2BF -I- 2CG 4^ !^AG, therefore half the fum = fig 
BF + CG + AG = BF + AC. ihercfore BF = j2o. 
ifum — AC. 

Cor. Tie area of the triangle BAC, is ifual to the 
re^angle of the radius DF, an4 half the fum of the 
ibree fides. ^ 

For the triangle ABC is niade up of the three 
triangles ADB, BDC, CDA, whofe common hight 
is the radius DF, 

« • 

PROP. XXXI. 

* 

If a ^ptadrilateral ABCD bt ixfcribed m a circle^ the i2t. 
fum of two Qppqfite jatigles if equal to two right angles ; 
ADC 4, ABC = two right angles. 

Draw AC, BD, and produce AB to E j then the 
external angle CBE = BCA + BAC (i. II) = 
BDA -f BDC (13) = APC i therefore CBE -f 
CBA = ADC + CBA = 2 right angles (i. I). 

t 

Ccr. If me fide of a quadrangle (infcribed in a > 
drck) be produced^ the external angle £BC is equal to 
the internal oppojite angle ADC. 

PROP. XXXII. 

If a quadrangle he infcribed in m circle ; the reif angle 122, 
ef the diagonals^ is equal to the fum of the reilangles of 
the oppo/tte fides , AC x BD = AB x CD -f AD 
X BC. 

Make the angle ABF = CBD, then ABD = CBF ♦, 
and fmce the Z-CDB = FAB (13), the triangles 
FAB, and CDB are fimilar, whence DC : DB. 
:': AF : AB ( 1 3. II), and CD X AB = BD. x AF 
(12. Proportion). Alfo fince Z.BCF = BDA 
<iO» the triangles CBF and DBA are fimilar; 
whence CB : CF ; : DB : DA (13. II), and CB 

F 3 X 
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f.lG. xDA = BD X CF (i2. Proportion), Therefore 
|?g. CD k A^^'-f t:B X DA-=i^BX AF -f-BD x CF 

==3Dx AC (A;f.3X 

: P R O P. XXXIII. 

/f circle h eciual to a triangle wbofe bafe is the circtim^ 
f^rmce of the fircle ^ and bight y its radius. 

1^ 3, Let AB be eqii4 to the length of the circuni- 
fercnce, and let the prcle touch it in I; draw CI, 
and CQ extremely near it, ,Then by reafon of the 
extreme fmallnefs of the arch DI, the fedtor CD 
f:oincides with the triangle CDI, and the arch with ^ 
portion qf the right line, Now fince the circle 
PEGF may be fuppofed to be made up of fucH 
fedtors CDI, ^nd the triangle ACB of as. many 
tj-iangles, CDI equ4 tp the fe<5lQr QDI -, ic follows 
that ail thefe fedors are eqqal to all the triangle^) or 
^:he circle DEGF = the triangle ABC, 

This is alfo evident Ijy the 25. Ill, for a circle ^ 
|nay be confidcred as d, regular polygon of an in^ 
fKiite number of fides^ whoie hight is the radius of 
the circle, 

Cor; ^he fiSlor of a circle is equal to triangle^ 

whof^ bafe i^ the arcb^ and bight the radiiis^ 

' . • . ■"■ 

PROP. XXXIV. 

^23. ^h area of a circle is equal to the reBangk of half 
the circumference and half the dianj^eter. 

For the circle EGF is equal to the triangle. ABC 
(33)* ^rid that triangle is equal to the reftangle of 
half the bafe'AB arid hight CI, that is, of half th^ 
arfe«mfcrchce DFGEDji ?ind half the diameter CI 
(Cor. 2k JO. II). 

Cor. I . ^he feSIor 6f a cvrcU is equai to the re^ 
finglf of half ^mh and^ t^e radinx, 

. CpCf 



^ 



Il 
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Cor. 2. Self or s are i0 ^ne another in the compUciate iP IG. 
ratio of their arches and radii. , 1%^, 

For triangles^ to which they arc eqUal, are in that 
ratio (Con i. ii, II). 



PRO P. XXXV, 

Circles (that isj their areas) are to cm Another as 
thefquares of their diameters. 

For circumference EpGE : cir. IHKI : : AB : CD i^4* 
(^) ; and the areas of the circles EFG, and IHK 

EFGxAB ,IHKxGD, , ,. . • / 
arc — : ^, and — ■ (34); therefore circle 

EF : cfrcle IH : : EFGE Y AB : IHKI x CD 
(5. Proportion) : : AB*^: CD* (7. Proportion). 

Cor. I. Grcles are, to one another mthefquares of: 
the radii ^ or as thefquares of the circumferences. 

For thefe are all in the fame ratio (Prop. IX). 

Cor. 2. 4 circle made on the bypothenufe^ is equal ta 
two . circles made . alih an tbi two fides ^ of a right- 
sngled triangle. 

PROP. XXXVL 

Similar polygons defcribed in circleSf are to one ano* 
tji>er, as the circles wherHn fbey are infer ibed. 

Draw CK, AG, then becaufe fimilar polygons j.t^ 
may be jefolved into fimilar triangles (Cor. 2. 19, 
III), therefore AF : AG : : CH : CK, and AG 
: AB :: CK : CO (13- II), therefore AF : AB 
: : CH : CD. Or at once, AF : AB : : CH : CD 
■ (19. III). And polygon EF ! polygon IH : : AF* 
■ : CH* : : AB* 5 CD*>C20. Ill) ': : circle- l^F : circle 
|H(3^), . ■ 

. " F -4 Con. 



BG >f CD 

and g^ — ► = pcrp. from C oji BD (ibid.), 

• ABxAD + BCxCD _, T . , - -. . 

9nd ^ ' ■ =^ -Ts- IS the fum of the 

2R 2R 

pcrpctxiicwlars. 

Therefore — -s — = twiete the area .of thd 

trapezium (24. Ill) ; and in like manlier 
ABxBC + ADxDC ^ .^ PxAC _. , 

> .. . ■ ^ ■■ ^ AC or r— g- 3: twicc tb« 

. feme area. Thtrefore . T x 6d ss P X AC, an4 
AC = ^ y " > But AC X BD ?= AB X CD,|4 

AD X CB (3a) = Q. = '^ ^p^\ and BD* =i 
^, and BD =. JS. Whence X^ - 



'[j/-—' r= — '^ ■ = twice die area ; and the 



area=-.p~. 



Cer. i. BD* = ^, and Ap = ^. - 

Or. 2. BD : AC : : P : T : : AB X BC 4* 
CD X DA : ABx AD + BG X CD. 



-\ '^ 



P R P. XL, 

• • • / 

127. ^ ABCD ie a trapezium infcrihed in a circle^ ani " 
each fide he fubtraSei from the fum of tb§ other 
tbf^e^i thin wilt he four remaipdirs i then take the 
pt$du^ »/ /^ of tbefe remainder ^y and likewife the 
pi^u0 af the i)ther two \ J fay^ 4 times the area of 
fi^ trapmum will he a mean, fr^ortionak hctwef^ 
tbefe two produ^. 

^ From 
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From A let fall the perpendiculars AF, AP FIG. 
upon CB, CD. Then fince aABF = ADC tij. 
(Cor. 31); the firft perp. falls' without, and the" 
fecond within the figure, Alfo the angles B, P, be- 
ing right, the triangles ABF, APD, are fimilar. 

Therefore AB : BF : : AD : DP = ^^^g^I (13. 

ID, and AF = VaB*-~ FB-,(2i. II ), alfo AB ; 
AF : : AD : APv= ^n/AB'— FB'. Draw kc, 
then AB* + BC» + 2BC x BF = AC* = AD» + 

AD y BF 

Cp» -^ 2CD X — -^^ (22» 23. H). Whence 

^BC X BF + ^S^^ X BF = AD« + CDV- 

ur* A^^ — AD' + CD' — AB* — EC 
AP -T- BL , and ^g _ ^aB x BC + aCD x DA 

AD* + CD' — AB* — BC* , . _, - 

= -J:.^ -^ (putting P = 

AB x- BC + CD X DA). And ^^^^ = 

CD* 4- aCD X AD + AD*— AB»-f2ABxBC — BC» 

CD 4- Xt)* — AB — BC* , AB — BF '- 

^ ; -p , and ' ab ' 

AB*+ 2AB X BC + BC»— CD*-|- aCD x AD — AD» 

— ? ■ ■■ II ■■III I i»— ; i ^ ' ■ " ■■■II ■■■ ■ ■■ III I II III I I !■■ 

7* 2P 

AB + BC* — CD — A D^ 
_-p . 



But twice the area = AF x BC X AP X CD 
(24. Ill) = BCVAB*— BF»+ ^^AB^^ ^AB'- BF* 

^ AB X BC + CD X. AD ^ ^. __ g^,, .^ 

AB 

p ' 

^vAB' — BF* } and 4 X area fquarc = 
pp AB* - BF* _ ^ AB4-BF AB-BF 
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^^^' T,w • CD + AD — AB ^ BC 
137. =J^ . a P ^ ^' 

AB 4- BC* — CD — ad' j ^ . 

— — X -— : ^, and lo x area t=r 

, • aP 

C D+AD^AB^BC'x AB + bC'—W^^ 

sCD +AD + AB— BCx cU + AD— AB + BC 

K ABTBC + CD ^ AD X AB + BC + AD --C5 

(12. J). 

Cor. If?i-=..balfthifiimoftbefourftiesy then the 
area is a mean proportional between thefe reBangks 

S — AB X S — BC, and S— -CDx S — DA. 

For areV = CD4. AD -HAB^BC ^ ^^ ^^^^ 

. S -- AB = ^2LtADjfAB+BC _ 

2 

CD + AD — . AB + BC J ^ - t A 
1-, .1. ^j ^nd 10 of the reft; 



PROP. XtL 

128". If an equilateral triangle ABC ie infcrihed in a 
circle ; the fquare of the fide thereof^ is equal to three 
\ times the fquare of the raSus : AB' = 3 AD*. 

Draw the diameter AE, and the cord BE. Then. 
the triangle BDE is equiangular (Cor. i. 2. II), 
for A BDE = BAC (Cor. i. 12) = BCA = BED, 
and BE = DB (Cor: 1.3. II). Then AB» + BE* 
= AE» (21. II) = 4DB' = 4BE% and AB' = 
3BEf = 3BD*. 

Cor. i." AB* : AF* : : 4 : 3, 
For AB» : AF» * : AE : AF (23. Proportion): 
; : 4 : 3. ' 

Cor. 2. DF =" Ulf DE. ^ 
Cor. 3. The fide BC of the equilateral triangle.^ 
cuts of a fourth paff of the diameter, 

PROP. 
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t • 

PRO P. XLIJ. pjQ 

' /t fqttare infaihed iH a circlet . is eqtud ta twice tiie 129. 
fjuare of tie radius -, AB* = 2BO\ 

For AB» = AO» 4- OB* (?i. II) - 2 A0% 



\ f • - 



Cor, The ' circumfcribed fquarc EG is. double^ the 
infcribed fquare^ AC. 

For EG is the fquare of the diatnetef or '4 
iquares of the radj[u$, and therefore! eqi^ai tQ two 
ki the infcribed fquares, ABCD. 

/ 

•pkO p. XLIII. 

^ two diagonals BD, EC be. drawn, to cut one M^- {^o\ 
ther^ in an infcribedyegidar pentagon. The greener 
fegments EF, BF, will be equal to the fide of the fen- 
iagon^ AB. ' -^ •- . . ' 



\ " 



Ycx fmce the arch AE = BC, and AB = ED, 
- therefore £C is parallel to AB* and BD parallel to ' 
AE (Cor. 13) } therefore ABPE is a parallelogram, 
;andEF = AB:= AE = BF (i.^ill). , 

Cor. !• The diagonals BD, CE cut one another in 

*" ^extreme and mean proportion 5 BD : BF : : BF : FD. 

' -. ' • * • 

For I. DCF t= CDF = CBD (Cor. 2.12); there- 
:.fore the triangles CDF, CDB afe fimilar, Bd : DC 
:: DC : DF (43. II) ^ that i^ BD : BF :: ^F 
: FD. 

Cor. 2. Tbe.diagonalC!£.is^araMto AB, andW[> 

* « 

Cor. 3. Tiejide 9/ the pentagon BC/ ij to the dia^ 
\y w/ BD, «r I to i^tvll, 

« t 

■ .: ' ^ • • - ' * 

For 
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FIG. For BD X FD or BD x BD— BC,= BF»<dof. t) t 

13d. that is, BD» — BD X BC = BC» } add tBC% 

tken BD^ — BD x BC + {Be = {BC» ; that is, 

BD— iBCI* =; 5 X — , and the root is BD ~ 
4BC =s ^/5, ind BD = ^+ ~ Vs =*BC 






t 

' '• tor it ftands oa double tlie afch, ■■ ' 

f^ R O P. XLIV. 

I^O. If a regular pentagon he Arifcrihed in d circle % 
the fquare of the radius AH, h * to the f^uare^ of 
ifsjide, AB; as ^ to $ — ^5. • 

Let HG bifea AB in I, and make lO rsl(5.. 
Then the angles JUO, AIG.are right (Cor. a^ a* 
II). Aftd put R ■= radius ah; •The aGHA,= 

• >f of a rigiit angle (i. I)* and I AH ii 4 of angfit 
angle (Cor. 1. 2. II); bat lAG or IAO= ^GHA 
(12) = 4. of a right angle, theVefbre OAH ±s 
1^ of. a right angle (Ax- 4) = QHi^, whence HO 
= Oa = AG. 2R X GI = GA» (Cor. 17) =i 

HO» = R — 2X51* = RR — 4R X Gi + 4<3i* 
(1 1. 1), and 4GI» -^ 6R X GI il^«R ti o (Ax. ^. 
4), and GP — .|R x GI + ^RR = b (Aar, $) i add 
,VRR, then .^Rft — 4R X GI + GI* = -tV^^ » 

H^hence the root 



KR 



that is, ^R — GI = 5 X -T-, 



R 



_ 3,—V5 



But 



4R — GIs-Vs, and GI = »*^ ^^ R. 

4R X GI — GI* = 4RR. A|i4 AI» = 2R x GI 
— Gl» (17) == iR X GI + 4R X GI — GP = 

iR X GI 4- *RR = iR X I '^^J-R + — =i 

5 * RR 



4 
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ItR X ^A and 4AP or i^'-.F= RR ^ ^^. V*? 

ibejldif^ of the fent,agony is equal to ^-^^—^^JR^ 

o - ♦ 

Cor. 2. The j[qparr6f nfddtf f^H;, is ta the f^uari' 
4ff'>thfiy44gmai-:SB^'xaf't'ia^^^'^^^ ■ ■ '.'"v ^..,1 

Fof BC or A»'= -§% (tor. 3, 43% *¥- 

an^,"' 'AB»' =|.,RR x ^^*^f ; (44% '. tJi«r?%<l - 
^i^^or 4^ = RR x^l3?:5, «;d-iafifei 

(Cor. .. S. I) =8 RR.x iSJi^:^ that is/ 




_ _ « » 

=:rrxU^::;. ... . '. ~:Ta 

GoF. 3. If €^-^he th du^oHoi t^f the penHt^^k^ tj^ 

andOLDl^edrd'umi then DL; == It^ ^ - "^ — >' •' 

4 

, ForDL = ^(Cor. 17) :^'RRxi:^== 



- !■-,!■ 1 



PR O n 



Fid. ' PRO P. XLV. ~ . 

131. The.fi4« of 4. regular hexagon infcribed in a eirttet 
if e^to theraHuivf }be ekcleV'BE=2 BD:' ""^ 

' vs.. . . V. . . .\ .^ 

For'iiBDE =i: 4 of four right togles (Cor. i. 
I) = -\ of two right angles. And the angles &- 
and K tc^ther i::-4-<^ ^^ i^ght angles {2V II), 
.whence BED — \oi two right angles (g, 11) = 
BDEj therefore BE = BD (Cor. u 3. if), 

^ P k O R XLVL 

132. ^^^ [quart of the fide of a. regular offa^on^ i»» 
fcribed in a circle \ is equal to the fquare of half the 
Jide-fftbe infcribed fqUare^ together with the fquare 

of the difference of that ha^ fide and the radius y 

AB* ir: AP^ + OB — AP\ . . ' 

tor AB' = AP* + P6' (21. II), but z.PAO= 
POA (Cor. 1; 12) i therefore PO = AP, ind 
gP = OB -^ <:» = OB — AP"}- and AB^ =„ 

OB ~ AP* + AP*. 

• Cor. the fquare of radius^ k to the fquare of tbr 
JU^ of the oiiagon\ asi to z -r-V2. 

ror AP = ^/^AO?, and PB»=BO — AP* = 
BO-AOV4 ^ = BO- - ^BO-^^0 +AO> ^ 

V2 a 

, liAQ* — AO'V^, udd AP» = ^AO*, and AP» 
+ BP* or AB*'= 2A0» — Ap»Va. 

• PROP. XLVn. 

333, T:he radius of a circle is a mean froporltoHaU he^ 
tween the fide of an infcribed regular decagon^ and the 
fum of thht fide and the radius j AB : DA : ; DA : 
DA + AB. 

Pro- 
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Produce AB to F, fo that BF may lie 2* flD } f i o. 
and draw DF, DB. Then ii ADB = -}• of twJ 133.' 
right angles^ and therefore DAB atl4 DBA toge- 
ther tt ^ of two right angles (2; II )j irid ABD ' 
=: |. of two right angles (3. II) = BDF + BFD 
(i. II> = zBElF (3. II) i therefofe BDF or BFD 
:= -f of a right angle = ADB. Therefore the tri^ 
angles ADB, and ADF are fimilar, for F =2 ADB j 
and A is common, whehce A^ of AB 4- BD : 
AD : : AD : AB. 

Cor^ i. If the radius be (Mt fn epctr^n^i ^AdfniaH 
fitio, thi .griater fegmati is the jtdt of the dtcdgon^ 
AB. 

For finfce AB + AD : Ai> i^i AD i AB. 
Therefore AB : At) t : AD --^ AB : AB ( 13; Pro* 
J)prtion), or AD : AB 5 : AB : AD — AB, thet«* 
tore AD '■& cut in octretHe ixA mean pfdportioaf 
(Def» II. Phipdrtion). 

Cor. 2. ^he rad^is t9 tbeJUe ofttit d»cag(M \ ai 

For AB* + AB X AD =£ AD* ( i a. PfOftortionV 
tkdd iAt)** then AB* + AB x Ap + ^AD* 3= > 

'■ AD 

^AD* (Ax, 3)i and, AB + fAD 2: ^Vfj iuid 
AD . AD 

T 



AB is ^ ^s — ^» an^ * AB sS AP X 



V< i -s-^ 1* 



Oor. 3. The f^uUri bf the ptrfeuMcatM^ upon tb» 
fide of a decagoHt is ^ o - X thefquwre of the 
radius, 

. Fof ^AB »• rad, X ^-^-^^ Md ^ fquifc =i 

*0 AD» 



i 
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FIG. AD* X - — 3 — -i and the fquare of the perpend* 
'^^* - AD' — Ab' X 2-=-^ = AD» X ^-^. 

PROP. XLVIII. 

134. The fquare of the fide of a regular pentagon infcribed 
in. a circle J is e^ual to the fum of the fquare 5 of the 
radius^ and of the'fide of a regular decagon^ infcribed 
in the fame circle ; AB' = FA* + AO*. 

«. • • • 

Draw OG perpendicular to the cord FA, to, 
cut it in G, and draw FH. The triangles ABO^ 
HBO are fimilar ; for z. AOB = t of 4 right 
angicSi or.4 of 2 right angles (r. I), alfo BAO 
and ABO are^ togethe,r zi-^- of a right angles' 
(2i II), and therefore BAO zz -^oSz right angles^- 
\p^t BOG (= 4 AOB) = 4 X T Of 2 right angles 
zz tV of 2 right angles, therrfore BAO zz BpG» 
and B is common \ whence AB : BO : : BO : BH 

"" AB' • " ...... 

Again, the triangles AFH and ABF are fimilar, 
fdi*-A A=AFH (3.II), and ziA = B(Cor. 2. 12)^ 

tEerefore BA : AF : : AF : AH = -t-o" > therefore 

AF* 4- BO* ' ' 

AB = AH + BH- '"'^ AB ^ ^^ ^^* = ^^ 
+ AK\ 

Cor. The perpendicular 01 upon the fide of the pen^ 
t(igon,, is equal, to bqlfihefum. of the radius andfi^c 

" ^ AO + AF ♦ ' ' ' 

of'th^ decagon v OI zi — 



III* 



"2 ' - • • • »-• 

For 01 = OF — FI zz -pr^ *- = 

2OF 

^"^--._i£L (Cbf.-'i7); And ffnccAO^ = PA* + 

. AO 



- • .^ 



1 
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AO X AF (47), therefore AO — FA* = AO x ip I G. 
AF, and 2FO» — FA» — FO» -f AF x FO, and 134. 

AF + FO 2OP — FA? „, 
■ I V ^ = -^ 7r?r^ — •= t)L 

P R 6'P- XLIX. • 

^be\/ide of a regular "^ dodecagon infcribed in a circle^ 135^ 
ii a mean .prbportiondl ^between the . radius^ and the 
excefs of the diameter €ibom£i the ftde of -the infcribed 
equilateral triangle. 

Let AB be a fide of the dodecagon, and draw 
CB, CF, and DF the fide of the triangle, and 
PR perpendicular to AC. Then ACF zr t of 2 
right angles = CAF — CFA (2. II), therefore 
ACF is an equilateral triangle, and AO rz 4 AC, 

and CO — V|Ae (C or, 39 . II), and BO =: 
CA — CO = CA — v^lcF,. and BO* = CA^ 
+ ^CA^ — 2CA X i/^CA* = i^CA* — CAV3 
{II. I), and.AB^ .=. AO^ .+ OB*^(2i: III) = 
^AC^ + i^AC^ ~ CAVs = 2AC^ — CAV3. 
Therefore CA : AB : : AB : 2CA ~ CAv^3. 
But 2CA is 'the diameter, and CA x v^3 = fide 
DF of the equilateral triangle (41). 

Cor. T he fide of the dodecagon^ AB = CA X 

P R O P. L. 

If ABH he an equilateral triangle^ and APDFG 13 5. 
an^ equilateral pentagon^ infcribed in a circle^ both 
placed with their angles at A ; then the cord B D 
^U be the fide of an equilateral quindecagon \ and 
BI will be half the difference of the fides of the tri- 
angle and' pentagon^ atfd DI {perp. to BH) is the 
difference of the perpendiculars in the two figures-^ arfd 
BU* zz BP + DP. 

G "2 JFor 



8+ 

pig: 
136. 



Jfe ELEMENTS 

■ ■ "TTiT arch AP 'zz -f — tt tl>e eircumfefencc, wi3 ' 
APD = TT of itj'alfp APB = 4 = ^ tlie cir- 
cumference -, therefore APD — APB = Vt ^^^ 
circumference i and the c&rd BDy the fide or the 

_.quindecagoft 1 moreorer DI = CO — CE, is 
Known from Cor. Prop. XLIV* and Cor. 2^ Prop. 

XI,I.' Alio BI = ?H-3lE!!, which wiUlje known 

byProp.XLI, and Prop- XLIV; and thenM BO* 

■ =.Br + ni', urillbelMown,, 




B o d K 



125 



xi6 





134 
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BOO K V. 

Of Planes, and iblid Angles. 



I ■ "Nil 

4 



DEFINITIONS. 

M. /t Plane is a furface ilrhich lies evfcri between P I G. 
, ji\ the extremes ; or in which jail right lines 
coincide. 

2. A curve furface^ is that whofe parts lie not 
^even hetw^e^ tiwi extremes j hut gradually rife 
or fall 

3. A convex fiirface^ i^ that which fwell§ or rifcs 
fip toiswr^s the middle. ^ 

4. A concave furface^ is that whofe middle partfc 
are hollow, or £m lo^er than the extremes. 

• ,5. A t^ht Itne^ is feid to be perpendimlar to a 140. 
j)lane, when it is perpendicular to all lines, drawn 
to the foot of it, as AB. 

6. Tht comfhon finion of two planes, is the line 139. 
made by two i^a/ies cuting each other, as EF. 

7. One plane is faid to be perpendicular to ano- 144. 
ther, when it pafles through a right line, which is 
perpefidiq'ular to the other, as CD. 

8. The inclination of a kne to a plane, or the J/J.2. 
angk it makes with it, is the angle (hat line^ makes 
with a line drawn from the foot of it to the point 
^vhere a petpenciicufer^ kt fall from the top, cuts 

the plane^ as FCL 

9. The inclination cif tWb planes, is the ingle 149. 
cnade by two right lines ; both drawn perpendicu- 

hx tQ the common fedtion, from any point theit- 
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* • • ' , * ■ 

FIG. m; as Z-BFD is the inclination of the planes, 

149. AB, CD. 

This . 15^ the angle which the planes make with 
one another. * ' 

145: 10. P.arallcl planes are thofe which are every- 
where" at the fame diftance from each other, as 
AC, EG. 

150* II. A folid angle is a fpace bounded by feveral 
plane angles, meeting in one point, called the 
angular point or vert ex j as Aw 

V 

t 

- P R 6 p. I. 

137; If aright line in a plane be produced^ it wifl fiHl 
he in that plane. ' - : ' - 

For produce BC in the. plane AD, direftly to 
E ; and if BCF be ajfo a right line, then BCE and 
BCF are both right lines ; and you have tw6 right 

. lines BCF, BCE, with the part BC th^ fame 
in both; contrary to the nature of aright line 

• (Def.'5.,l). • • .. •• 

Cor. 2. If two diflant points of a right line be m 
a plane^ all the line is fo, . 

PROP. H- 

138. If two right lines GH, IK, interfe£i one another^ 
they are in the fame plane. ; 

For Imagine A, and B, to be in one plane with 
C; then the line lACK, as alfo HBCG, and. all 
the points between A and B, arc in one plane 
(Prop. I. and Cor,). And the like for all other lilies 
as AB, drawn between GCH, and ICK. 

. Cor. Every part of a triangle is in the fame pdanel 
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PROP. III. FIG. 

If two planes AB,, CD, cut one another ', their 139. 
common feUion EF is a right line. 

_ \ 

.For draw the line EF in the plane A B, then any 
point G of that right line, is in the plane AB ( i ) •, but • * • 
becaufe the line EF (drawn betweennhe tWo points 
E, F,-in the plane CD) is alfo in the plane CD; 
any point G or that line will be in the plane CD. 
Therefore G being in both planes, will be in their 
common feftion ; and their common fedUon EGF 
is confequently a right line. , 

P ^R O P, IV. 

^ a right line AB ie perpendicular to two lines IK, 140. 
GH, at the point of interfeSfion B ; then is t hemline 
AB perpendicular to the plane FD paffing through 
them. 

Let BI =: BG = BK = BH, and draw GI, 
HK, LM, AI, AL, AG, AH, AM, AR. The 
triangles ABI, ABG, ABH, ABK, are all equal 
(6. II), and AI = AG = AH = AK. Alfo the 
triangles GBI, HBK are equal (6. II), and Gi 
= KH, aG = ZiH. Alfo the triangles LBG, 
MBH are equal (7. II), and BL = BM, and GL 
= HM. /\nd the triangles AGI, AKH arc 
equal (8, II); and confequently Z.AGI = 
/.AHM; whence the triangles aGL, AHM arc 
equal (6. II), and AL = AM. Alfo the tri- , 
angles ABL, ABM are equal (8. II), and ii ABL 
= ABM = a right angle. And therefore AB 
is perp. to LM, 

Cor. Tf a right line AB ie perpendicular to fever al 
lines meeting in B, as IB, LB, GB ; tbefe lines are 
all in one plane* 

G 4 For 
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FIG, For if any of them was out of the plane, AB 
I4Q, would make an ^ngl? with it, greater Qr lefier th9Q 
^ figh? ?^nglc, . ^ 

P R,0 P» V, 

141, y^i? r^i&/ &Wj, AB, CD, perpendicular ^ ^ 
plane ^ are put allele 

Make BDI a right ^ngle^ andDI,= AP, and 
draw BI, AI, AD ; AB is a- to BD (Def, s)\ 
^nd L. ABD = BDI ; therefore the triangl^^ABD, 
DBI are eqvial (6, II), and AD = BL Then the 
triangles aDI j^nd ABI are equal (8. II); an^ 
ABI = ADI = a right* angle. Therefore ID is 
J- to pC, DA, PBj and therefore »U three 
are in ^ one pla^ne (Cor. 4), Therefore AB^ CD 
%xt in the fanie plane (Cor. Prop, IX), and ar^ 
jikewife parallel (Cqr. 3. 4. I). 

. Cor, I. tv>9p^M ^m AB, CD, «« in th»^ 

Cor. 2. A Une irawn ffom one parallel to another^ 
if i» t^ fam phne with them.. 
By Cor. I. and Cor, to Prop. I, 

Cor. 3. Through ons pointy there can }e (fr^Vf 
hf m H^ p^pen^icuhr to a plane ^ 

» 

PROP, VI. 

141 . V ^^: ^^ ff ty^p parallels^ be perpendicular t^a 
flfine 9 the other tpifl alfo he perpam^tlar to it. 

Suppofe as in the ftft Prop, then the v^gles 
IDA, IDB, are right. Therefore DI is ^^^ to the 
pl^n? AP5, in v^hich AS, QD are (Cor. 1. 5) i^ 

there- 
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therefore ID is J- to CD j but CDB = a right angle. F I G. 
Therefore CD is J- to the plaae EG. 141, 

# P R O P. yji. 

If FI he perpendicular to tb^ plane DE, and FQ 14a* 
perpendicular to a line AB, dravon in that plane 5 
then the tine CI joining th^ feSions^ is alfo perpcn- 
dicidar to the line AB, 

For firft, fuppofe CB ^ to CI, draw IG parallel 
to CB, then IG being -J- to CI and FI, is -^ to 
the pUw CFI (4) 5 and ACB is alfo -*- to the 
plane FCI (6) ; therefore 3C is «l- to CI and to 
CF. And on the contrary being -«- to CF, it is 
aMb -^ to CI ; otherwife it could not be ^ to tHc 
plane FCI % nor its parallel GI, 

P R O R VIIL 

J^ght lines AH, CI, parallel to the fame right 143; 
line EG, though not in the fann plane^ are parallel 
to one another. 

In the plane of the parallels AH, EG, let HG 
\>t ^ to EQ« Alfo in the plane of the paralleb 
EG, CI, draw GI J- to EG. Therefore EG is 
-^ to the plape HGI ; therefore AH, CI are alio 
^ to the feme plane HGI (6), whence AH and 
\pl »rc parallels (5), 

PR OP, IX. 

V 

If two planes AB, CD he perpendicular to one an-- 144; 
ether \ 0nd from at^ point P in one^ a perpendicular 
PN, he let fall to the other i it Jball fall upon the 
fommon feSion PI, 

For the line PN -^ to the common feftion, is 
-^ to the plane AB (Def. 7), and if another perp\ 
Cpukj bf p'awp wWcli falls (lot upon the comnion 

ffftiopi 
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F I G^ fofUon 5 then two perpendiculars might be kt fall 
144/ ffom one point, which^is abfurd (Cof. ^. 5). 

Cor. A lint NP in^ one plane y, perpendicular to the 
common feSion of twoperp. pldnes, wil^eperp, to the 

. otherflane.' - .• 

,. *»{ — ■•• ' 

PRO P. X. 

145, Thofe planes hQy EG, are pdr allele when the famt 
right line IK, is perpendicular to both. . 

-Draw DL parallel to IK, and draw ID, KL; 
then fince. theapglcs LKI = KID (hyp.) = IDL 
(6) = a right-, angle, . therefore KLD Is a right 
ang}c (16. JlJ) ; therefore. ID is parallel, to KL 
(Cor. .q*. 4,. I):rwhence IKLD 13 a parallelogram, 
and IK = DL, th?refdre AC is parallel to EG 
(Def. io). 

Cor. If a right line is perpendicular to one of two 
^ parallel planesy it is perpendicular to the other. 



I ■» * 



P R O P. XI. 

145. If two parallel planes AC, EG, be cut ly a third 
IL ; their common faUions are parallel -y ID, andKhi 






For it was proved in the laft prop, that IDLK is a 
parallelogram, and that ID and KL are parallel. 

Or thus* 

Let the plane IBED cut the parallel planes AC, 
EG, in the feftions ID, BE. Now if ID, BE be 
not parallel, or cquidiftant, they will meet fomc 
way ; and confequently the planes wherein , they arc 
placed, muft meet, which is abfurd. 

. Cor. If a line ID be parallel to the plane EG ; all 
pla>ies drawn through this line ID, Jhall interfeSl the 
plane EG in lines parallel to ID, and to one another. 

For 



J 
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For I^L is parallel to IDv and BE is parallel lolD, FIG. 
and therefore KL, BE are parallel to one ano- 145. 
ther (8). . , j . 

PRO P. XII. 

Hight lines AQ, BRyCUf iy parallel planes^ Q, H, I, 14^- 
are cut proportionally \ AC : ;CE : : BD : DF. 

Draw AB, EF ; and BE ta cut the plane H in P. 
Then in the planes, BEF, EAB, the feftions PD, 
EF, as alfo CP, AB, will be parallel (i i) ; there- 
fore in the triangles BEF, EAB ; AC : CE : : BP 
:PE:^BD:DF(iz. II), ' 

Cor. The figments of parallel lines^ cut off hy paraU 
lei planes^ are equal. 

PROP. XIII. 

If two lines AB, AC, cuting one anothcTj be 'parallel 147* 
to two other right lines^ ED, DF, cuting one. another ^ 
'though not in the fame plane \ ^thefe lines will make tqual 
angles ; BAC = EAD. ^ 

Let AB = DE, AC = DF, and draw BE^ AD, 
CF, and alfo BC, EF. Since AB, DE are parallel 
and equal, therefore BE, AD are equal and parallel 
(Cor. 3. 5. 1). For the fame reafon CF, AD, are 
equal and parallel. Therefore BE, FC are paral- 
fej and equal (Prop. VIII. and Ax. i). There- 
fore BC is equal and parallel to EF (Cor. 3. 5. I). 
The triangles BAC, EDF, have all their fides equals 
therefore Z.BAC = EDF (8. U), 

PROP. XIV. 

If. two lines AB, AC, which meet one another^ he 148* 
parallel to two other lines DE, DF, that alfo meet one 
another^ though npt.in the fame plane \ theplane^BC^ 
EF, drawn through tbem^ will b( paralleL , 

Let 
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Fl G. LA AG be perpendicular to thft plaiJC EF, and 
f48^. GH, GI parallel to P£, DF\ thert GH, Gl i^ill be 
parallel to AB, AC. And fince IGA, HGA ale 
right angles,. C AG, BAG, will be right angles 
(4. I) } therefore GA is J-,to the plane BC, and 
fmce it is -J- to the plaiie £F (conftrl)&.)> therefore 
the planes BC, EF asc pAraliel (to). . . 

PROP. XV. 

14,9. ' If f%sa planes ABf CD, whicb cut one another ^ he 
both of them perfeniicular to a third plane GH i 
their common fe^ion EF, Jball alfo he perpendicular to 
the third planey GH. 

For a perpendicular to the plane GH, at the point 
F (in the common fedion of thie plants AB, GH), 
muft be fomcwhere in the plane AB (Def, 7). 
Alfo a perpendicular at F (in the common feftion of 
the planes <^, GH), miift be fome where in the plane 
CD (ibid.) ; therefore it muft be in their common 
(edioh •, that is, thfe common fe^^ion EF is -^ to the 
plane GH. 

Cor. The common fe^um EF will ie perpendicular $0 
FD, or FB, tiefeiiion ofiither plane with the third. 

PROP. XVI. -, 

tfOc /« a folfd angle A» contained under three plane ones^ 
^ BAD, . DAC» B AC ^ dtiy twa if th«m is greater than 
ibetUrdp 

Let BAC be t^e greateft, an<I let a BAE =: 
BAD, and AD = AE. And draw BEC, BD, 
DC. . The triangle BaE = BaD, for BA, AE 
Afc equal to B A, AD, arid L BAE = BAD, there- 
ifcfc BE =t BD, .and AE =• AD (6. II). Bue 
BD + DC is greater th^ BC (5. II), and DC 
greater t;haft EC? ^^ firicc At> = AE, and AC 

common* 
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common, ZiiCAD is. greater than CAE (Cor. 6. 11). F I G. 
Therefore BAD + GAPiis:grcaterthai>BACv ^^o. 

PRO ip. xvn. 

Every fiBd attgk is iontmU mier kfs fkman^tes tj^ 
than four right angles. ^ ' 

Suppofe a plane CO cut the JIde» of the angle, and 
io make a polygon BCDE,. to confift of as raany ' 
triangles^ as there are tomake up the folid angle A, 

Let X =i &m of z\\ the external angles orthe 
|)olygon B; Cy D^ £2?a Y ^3^m of all the angi» 
at the ba^s of the trian^s cgshpofing the Md 
mngley ERA, ABC, £s?tf. Then will X + 4 right? ^ 
^gles = Y:+ A (2. II). But fincc EBA + ABC 
is greater than B (16), &?r« therefore Y is greater 
ihan X^ and CQnfequentlyv.A; is kfs tha^ 4 right 

' P R O P. . XVIII. 

Thefe foBd angles are equal A^G\ wbicb af^ con- 15:1- 
iained under the fame number of plane angles^ alike 152* 
fituated^ andhving tbffamfiincUnaticnSy r^peifiveljr* 

For fmcc Z-BACaiHGI 5 CAD = lOK, &fr. 
-ihetrfi^e if:HGLbe.laidi^)Qfx BAC, they will coin-^ 
:cide, and GI Witt fall upon AC. Alio if IGK belaid 
upOQ CAD, they will iikewi& coincide. And more^ 
Over, fmce the inclination of the pIaric$,HGj[ and 
KGI is the fame as BAG and DAC ; therefore the 
folid under HGIJC irtll '«a6By coincide with that 
wader BACD. Fw tbe,jfe«ae Ji^mfon theToUd, under 
the planar IGKi* wd CADE* w^ll likewife concide % 
and alfo tl»e JoUd undef KGLH and DAEB wUl 
coincide i afld^diofe undet LGHI, and EABC, will 
coincide ; and fo, the whole £3lid angle G will coin- 
.tide widx the wbole folW angld A^ aadconfcqucofij^ 

they are,eq\jal (Ax. ^>* , : 

^ ' PROP* 



^4 7*tf ELEMENtS 



■ k 



PROP. XIX.- 

FIG. If two/olid angles A, B, h contained under three 
^53' plane angles refpeStinjel^ e^ual^ and alike Jituated\ the 
''I54* like planes have the"^ fame' imttnation to one another. 

Ut iiKAt) = MBG, KAE - MBH, and 

EAD'= HBG^ the^d made by KAD and-KAL, 

yriU :be> equal to- that made by MBG and MBN', 

For raake BM := AK, and let KD, KL be -a- to 

AK, and MG, MN ^ to BM, Draw LD, NG ; 

in the .triangles KAD, MBG, z. KAD = MBG, 

.and K, M right, and AK sr BM.; therefore 

KD, = MG, and AD = BG (7. II). For the fame 

V ' reafon, in the triangles K A L, MBN 5 KL=: MN, 

and AL.=: BN. And in the triangles LAD, IS BG % 

LA, AD are equal - to NB, BG^ and .z. . A =:; B, 

therefore LD = NG (6. II). In the triaiidbes 

KLD, MNG ^ the three fides are equal ; therefore 

/.DKL =• Z-GMN, whfch are tfie inclination of 

the -planes. And the fame way it is. dcmonftrated 

for the other planes, s, *..... ^ \ v ,:- 

Cor. Thefe folid angles are equals ijobtch are con-- 
iained under three flane angles <^ refpellively equal. - 

For the planes of- thcfc angles will hare the fanifc 
inclination to one an6tber.Tefpeftively*'"(r^); and 
confequently the folid' angles, contained thereby, witt 
be .equal (18).. - . r: , ' 

- • -» • 

, S CHOJ. I UM* T " , 

It is evident from hefice, that a foBd angle, con- 
fifting of 3 planes, is determirted from the quantity 
153, of the 3 plane angles it confifts of. Fw'(fig. 153), 
the triangle KLD, which is its bafe, is determined 
from the three fides, KL, LD, KD, being given. 
And if the point; A be alfo given ; the planes AKL, 
ALD, AKD, are capable of ho alteration in their 

pofition^ 
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podtion ; and ^ft> tKe^foM angle A^ is detehninedJ FIG.* 
But although a folid angle of 3 plane'ahgles is:deteN ' * ' 
mined from the, c[uaqtity of the ai^gles. alone i-^et '''-' 
tvhen 4 or more |)Ia^ne^ are Kroacerned, the quantity 
of theirangles is not,luflkient. ; ^fliis will be plain 
by inlpeding fig. i g'^V ' Where the bafe of the folid 155. 
angle A, is. the trapezium BCDI^ gFoT; th;<3 4 /ides 
of the trapezium alof)e ^rie;BOt,fu^cient>tD deteriyi.i/jt« 
its figure; and by altering its l5gurey^|^[iepofitiqft/pf 
the planes is altered (though the feveral angles are 
not), and confequcntly the quantity of the (olid 
^ngle A, is altered. So that the folid angle can no 
more be determined, from the plane angles given ; ' 
than a trapezium can, by having all its fides given ; 
and much lefs can it be fo in polygonal angles and 
'bafes. , , . 

PROP. XX. 

If there he two folid angks A , G, and theftdes of one^ 151. 
AB, AC, AD, -AE* ie rffpe&i^lx p^aikHo the fides , . 2! 
GH, Gf, GK, Gu)df the other i i^ef^^^^ 

^ill be equal. . ■ ' ' r'^'"^ 

« 

For fince AB, AC,* are parallel to GH, GI ; 
'Z.BAC = HGI (i^) V for the fime reafon Z.CAD 
== IGK, DAE = KGU EAB = LGH. More- 
over, as AB, AD are parallel to GH, GK v 

^ Z.BAD = HGK, therefore the folid angle made by 
the three planes BAC, CAD, BAD, is, equal to that 
made by the three planes HGI, IGK and HGK 
(Cor. 19). For the fame reafon the folid angle made 
by the three planes CAD, DAE, CAE is equal to 
that made by IGK, KGL, IGL. And for the fame 
reafon the folid angle A made by DAE, EAB =p 
folid angle G made by KGL, LGH. And folid 
angle made by EAB, BAG = folid angle made by 
LGH, HGL Whence all the parts of the folid 

*angles Aj G, being mutually equal, aiid having a 
« .^ ■ I like 
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FIG. 
151- 
152. 
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]&e Jjtuadpn ; the whole angje A, muft be equal t9 
the whole. angle B. 

Cor. IH Hv6 foiid aggies At Gt-wh/e planer'BACt 
CAD, &c> ate refpeaivtly parallel to the planei HGl, 
IGK, (li'r. theft felid angles xoill be tptaL ■ 

For it comes to the fame thing, whether the 
lines ABt GH^ be parallel, or the planes BAC* 
HGJ, fiifr. (14). 
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BOOK VI. 
Of Solids. 



DEFINITIONS. 

li \ Pyramid^ is a folid ABD, made by the mo- FIG, 
' XjL ^" pf ^ ^'^^ ^8 AB, along the circum- i55» 
ference BCD IB of the plane figure BD, the other 
end at A, remaining fixt. The figure BCDA is 
called the bafe of the pyramid. Thfc fixt point A is 
the vertex. If the bafe be a triangle, it is a trian-- 150, 
gular pyramid 'y if a polygon, z multangular pyramid. ■ 
. 2. A cone is a folid generated by a line AB moving i g6^ 
about the circle BCD, the end A remaining fixt. The 
vertex is the fixt point A, The axis is the line AO 
drawn from the vertex to the center O of the circle. 
The ta/e is the circle BCD. The Jide is AB or AD. 
It is called a rJgbt cone, if the axis is perpendicular to 
the bafe ; otherwife an oblique or fcalene cone. An 
equilateral coney is a right cone whole .fide is equal to 
the diameter of the bafe. 

3* A cylinder is a folid, formed by a line FB ^^7. 
moving about two equal and parallel circles^ ^o a$ 
that the moving line always keep parallel to the line 
PO joining their centers. The circle FG or BD is 
called the bafe. The line PO, drawn between the 
centers of the circles, is the axis. If the axis is per- 
pendicular to the bafe, it is a right cylinder j if not, 
am obli(^ one. FB or GD is the jide. If the fide of , 
a right cylinder be equ^ to the dian^er of the bale, 
it is called an equilateral cylinder. ^ 

H 4- A 



A 
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FIG. 4. hprifm is a folid, as ^CEH, whofe ends are 

159^ twQ fimilar equal plane figures, and parallel to one 
another; and the* fides, are parallelograras* The 
iafe is th^ plane figure at cither end A BCD or 
HGEF. If all the fides arc perpendicular to the 
\^2St^ it is a right frifm \ otherwife an oblique one. 

158^. If the bafe is. a triangle, it is a triangular frifm \ if 
a polygon, a multangular prifm. 

Cor. A cylinder is a frifm of an infinite number of 
Jidei. 

160. 5- A fatallelofipedon is a prifm contained under 
fix plane figures, whofe bafes, and oppofite fides are 
parallel, as ABD. If the fides are all perpendicular 
ta the bales, it is an upright far ailelofifedM\ if not^ 
ai) (A^ique onCi 

161 6; A cube is a iblid contained under fix equal 
iquares, let perpendicular to one another, as AB. 

7. A fdyedron^ is a folid contained under feveral 
rc^ilineal figures. 

8.. A regular folid or body^ is a folid contained 
under fome number of equal and regular plane 
'figures of the fame fort -, orfierwife, they are irregu^ 
lar bodies. 

160. . 9.' l^ight^ of a folid, is the perpendicular falltog 
from the vertex or top, upon the bafe, as BP. 
. 10. Frujium, of a folid, is the lower part, cut oflf 
hj a plane; parallel to thi^ bafe. 

11. Similar pyramids y are thofe contained under 
fimilar plane figures^ equal in number, and alike 
placed. - 

12. Similar folids are thofe which are made up of 
an equal number of fimilar pyramids, alike placed: 
or which may be rcfolved into fuch. . 

13* Area^ is the quantity of the fupcrficics of any^ 
plane figure, 

14. Bodies 2irt faid to touch Ode another, whea 
they meet, bit do not^<:ut orenier into one another. 

? PROP* 
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-PROP. I. , \ftQ, 

In any parallelopipedonEH^ the cppqfite planes AE, j 62. 
HB, are Jimilar ana equal parailelograms. 

The plane ACV cuting the parallel planes AG, 
DB, make the feftions AH, DC parallej (11. V). 
And the faros plane AC^ cucidg the p^ratlcl planes 
AE,:HBj make the fcaions AD» HC parallels 
(ibid.); therefore ADCH is a parajfclogram, By 
the fame reafoning, ail the other planes are parallelo- 
grams. Therefore BG ~ CH =r DA = EK (i. III). 
And fmcc DA, AF arc parallel to CH, HG ; , 
therefore . L, DAP =? C HG (13. Y ) j therefore the 
pataUclogram AE rr HB (Ax. 8), having equal 
fides and angles. And the fame way it is fhewn 
of the other oppofite planes. 

PROP. 11. 

If a pxifm HC, ie cut by a plane parallel tao the haft 1 6^. 
AC ; tkt feSion EG, will hefimilar and equal ta the 
bafe. 

Since AE, BF, CG, DJ are parallel fDef. 4), and 
the plaqe ABF£ is cut by the parallel planes AC, 
EG, the fedions AB, EF will be .parallel, there- 
fore ABFt* is a parallelogram, and EF = AB 
(i. HI). For the fame reafon FG = BC; . 
GI = CD, and tl = AD. And Gnce AB, BC 
arc paVallel to EF, FG ; aABC = EFG (13. 5). 
After the fame manner /L C = G, and I = D, and 
E=: A. Whence the figure pFGI is fimilar and 
equal to ABCD (Ax. 8), having the fides and angles 
all equal. 

Cor. If a paralkkpipedon he cut hy a plane parallel 
ta a^ryjide \ thefecikon will he fimilar and equal to that 
fide. ^ 

H 2 For 
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Fid. For in thac Xolid, any fide may be iSiken for the 

163. bafeO)- , ' 

PROP. III.. 

7%^ Jitrfaee of arg pofyedrotiy is e^al to the Jim of 
. the areas of all the figures that inclofe it. 

For all thcfc figures make up the furface, there- 
fore the fum of their areas is equal to the area of 
the whole (Ax. 2). 

Cor. I . /The furface of a pyrandd is equal to the fum 
of all the iriangks inclojing it^ together with tlfe baft., 

15^. Cor. 2. ^he furface of an upright prifm AE» is 
epiol to the re ff angle of its higbty CE, and the circum- 
ference of its baje^ GEFH. 

For 4II the fides areredangles of the fame hight, 
all which are equal to a reftangle, whofe bafe is the 
fum of all thefe, and hight the fame (8. III). 

Cor. 3. ^he furface of any regular body is equal to 
the area of one of the faces ^ multiplied by the number 
of them. 

P R O P. IV. 

1 64. 5"^^ curve furface of a right cylinder AD, is equal 
to the reSangle of its hight ^ and the circumference of the 
^^/^ : BD X CKDC. 

Suppofe FK, 01 to be drawn upon its furface 
parallel to the axis^ and extremely near together. 
, Then the part of the furface OK is equal 10 the fmall 
parallelogram OIKF, or OI x IK (Cor. 2. 6. III), 
in like manner the whole furface may be divided into 
- fuch parallelograms, the fum of all which, will be 
= the fum jof all the IK'S x OI-, that is, the curve 
furface will be =: the circumference CKDC x OL 

Cor. 
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Cdn i. ^be curve furf ate $f a right cylinder^ is PlG. 
equal to a circle whoft radius is a mean proper ti(nuU hi^ i ^4. 
twccn tbejide AB, and diameter of the bafe BD. 

For let R» C be the fadius and circumference of 
this circle, A its area. Then AC : R : : R : CD 
(hyj>.X and AC : iR : : 2R : CD (Cor. 3. i2. Pro- 
portion) : : C : circumference CKDC (9, IV). There- 
fore AC X CKDC = iRC; that is,\the furfaccof 
the cylinder = A (34. IV). 

Xibr. 2.* As half theradita of the bafe : to tbe 
fide iifo tbe bafe of tbe ty tinder : to its curve furfdce. ' 

For the bale = (34. IV), and 

CD X CKDC ^ V Ar nvT^r^ CD ^^ 
' ' ■; furface AC x CKDC ::-—.: AC 

4 4 

(Coi*. I.. 5. Proportion). 

> * • 

Cor. J. Ttbe curve furf aces of right cylinders ^ are^ in 
the complicate ratio of the bights^ and diameters of> tbe 
bafes. 

For their equal reftanglcs are in that ratio (Cor. 2. 
8« III \ sind the diameters are as the circumferences 

P R O P. V. 

J'he curve furface of a right cone^ is equal to tbe area 165. 
iif a triangle^ whofe bight is tbe fide A.B, and bafe tbe 
circumffrence of the cone^^ hafe^ BKPB. 

Take the very^fmall archlR, and draw AI, AK; 
Then thfe part of the furface A IK coincides with the 
fmall ifofceles triangle AIK, whofe bafe is IK, and 
hight AI. In like mannerthe whole curve furface of 
th^ cone, may be fuppofcd to^confift of fuch triangles, 
whofe common hight is AI, and bafes fo many KFs, 
AH which triangles are equal to the triangle whofe 

H 3 hight 



I • 
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166. : PH : : FB : PA = ^ ph ^*3' Proportion); 
• ' but furface cf the cone ABD = RC,= «RR;=!» 

X AB X BC (Cor. 2. 5) = » X Ay + FB x.BC 

PHxPB + BCx PB — PHxPB „;^ 
BC— VH '"' X BC- « « X 

?^.^1^XBC i 

ijC — PH ^ ; 

■^ ■ f • / Alfo furface, of the -cone APE i^ r^ ' = «rr = j» 
X AP X PH (Cor. 2 • , 5) =r n X^ ^e-^^f "' 

Therefore their, difference, or the furface, of. the 
r- A. • BC» X PB ' PH^ X PB 

PB X ^5^ = » X PB yrt rt^H (12: I) 
. si the circle whofe radius is ^^Pft^ x BC + VH^ 
^ and circumference^ >< ViB X Py + i^H, 

^ ' P R O P. YIJ. 

167. Tie fur/aces of Jimikr filids AD, PS, are as the 
/(juares of their homologous Jides^ AB^and PQ*. 

/ Draw the diaeonals AC, PR> Then fincethe 

-libdies ^ refolvabie into similar pyramids (Def. iz), 

:wKich are contii^ed un^er fimilar plane figures 

. (Cef. ix). Let the planes incioling them, be ABC, 

PQR, and AGC, PIR, tf^r. which being fimilar, ft 

- 11 AB : PQ : r AC : PR :: AG : PI : : GE : IT, 

\4^e. (13. II) ; and fince AB» : PQ^ :, : triangle 

.ABC : PC^R (18. II), and AO : PR* : ; ACG 

'i PRI ; and AG? t PI* : :. trapezium AE : PT 

, (20. HI) i and GE* : IT* : : GD ; IS, t?f. therefore 

' AB* : ?Ql: : ABC : PQR : : ACG : Pkl : : AE> 

PT : : GD : IS dsff^ whence AB» : PQ* : : BG + 

AE-+ GD G?f. : QI + PI 4- IS (dc. (lo. Poopdi- 

tion) : : furface of AD < iurface of P^ Cor. 
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V Cor. Simiarp0^Ps of:4bsfurfacet ef fatHIar fillds^ FIG. 
ariasibefyuar^s of tbeimmokgous/tdes;. i '^7* 

' PROP. VIII. 

Aright triangular prifm ABCFHE is equal to an 168. 
^ti^ qm APlGHDi of tb^ fame length Art, ion^ 
tmmdmitbin the fama three parallel lines £P, HA, FI; 
or the planes pafftng through them. 

. Fpr AH = PD ?: BE = IQrfS^ CF (i. JU). 
.^h«i?ce PB :*: DE;*. IC = GF, ?p4 (A P. AB, '.AC, 
Albwng p»s»lkl tp.HD, HE./iiit'V HG (Cor. 3., 
;5., |.^ die lbli4 angk A a= foljd aogle H (20. 1^-^i: 
For: jihe ifamQircafoii,t^C folid, an^*.,at ^, 3, • Q J; 
Brewfpe(aiyeIy.eqwjl:tqthofe»t P, E,:F, G. Art4 
;l}nc? the fid<;s !,«rerail.«qual, each tQfaf*, th^^efw^ 
^ two.folk|si;y5SPI^ j^d JHiPEFGiwUl cxa^ly ifoia, 
cide; and be equal the one to the other (Ax<'8).i, 
jfi^ji^ therefore Rhpir^pgledpiar9- -HK^FC AB ^ jthe 
pfeiiq\i(5'one.HPQ/Af..;:, t Li: -.ii V;t . ..:.., vts 

* 'Gar. Ur ifapar0^^^^ A;B, .^.^;?»]r by aj>la^^ i^g. 

J^^?!ff '^H^^M'^ f^g^^ts of tbi\0ojlte ptanej i ii 
f^U'Be cuf into two ^ e^uql parts. , ' - '; 



i r> r 




fdieHrthe tv^o pt^^ and tEH be laid to; 

. ihkfL'Hmzf cmftiiA^^'with Ai aifd EHB witH* 
^,AG'rllieir piiiM$mil concide^and-^eaeK of them 
%Sijg oWiqiief if equal to a right ^e of theiaMd 

.lcngth(8). '-/ f' \ . ~i 

Got. 2. iWif ^ ^ptifmatic foUd cut oHiquefy M 
parallel planes^ is equal io the fame cut off at right of^fesi 




<— »•«.•. . . - ,k.j» *•<-• 



For any fuch folid may b; divided into tritoguhr 
prifms, by planes palling through both ends of the 

y* o ;i ': ' fojid* 






to6 . ner.KUKhtmtrs 

FIG. folid. .And'ifiackiiT^anguJar ptMHt cot ^ 
if$4 is equal to oneV^^f .the/iki»e Icf^th,. cut Jttuigbt 
angles (8). 

170. \j^ paraUekpipJs^^ AS, be aaiy dptanr^ ]^^^ 
.tJkroHgb O tbk miMe-if /be Samur CC^; ttoflMt 
bifeiis it. " '^ ^ ., ' 



/ 



. ' 5Let «1fe diAgrtiftli ADf BC tvft <5ach other 1* 'F ; 
•nd-RCtr pSi-ift^'i;' "Ora* tfie axis FI, which «rt4 
QD1tt-0,- beciKrilfiCRQjsi* j)a¥anei6gram (^. and 
CorT J. )1H) rilnd Fd =1 -' OI.. Let th« «lank 
]gH<3V^ ^)>ati^M~toi ABI^C'. Then the f>2^- 
fetefeip. Ax^aidhdtf 'AS. Lit'my^iilane GtOLN 
|nr5-'iihrdi%h'X)>^ '^Afld ktj tlte^felkl "be cut by thfc 
tWtt'plancs AI!)9I^{4nd CBQR, bt(yfotlr triMgUlar 

='iThe two^^fitSJifelids OTB^EH ind OLI^JXV, 
are equal ; for the fides are'^)^ilel»fir. 'V;;/*ihl 



^ eayai;tcoi;.„3-.-Jiy.,, And therefore the/ohd angles, 

\ ^ ■ Inhe Cdrrefdondtht points, a^eibM ('i6\ V*),} tSre- 

fcrft the ma^bG = XOl^'-TheWforeiAtp^i^- 
- pofite prifms ACl, aricf itoi,' the folids corifaihed 
bRfrpyn-rire-irianes EyXHai?d=^y4-N,;aj?.^gpal. 
4i^'it is pf-Qv«djtKe. iame^way,' t^attbe foljdf. .ia 
the ipppofitf - prifms' ABI, ^I^LcontjHnf^.,^ 
ween, the pj^^^es EV^J3,an^.JpL^T,,^rf jeqv^d. 
^^dj therefore kfince .A^ k h^ thei^^a^flop) »tfae 
fim ;6tN;L .fti'4.«ff half tfe par^ldffp. 9>,^7r|4Bi 
It into two equal parts. ' ., i''- ., 

r. Cor. ?;^tf^%JFJ, tf?^r\i^<^p/^CQi. Wi?:3^^ 
For they are both in the fJibfflcIogfaitt'fiCltQ, 

'■■lot * prop; 
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PROP. X.: tlG. 

ParaUeloptpedons upon tH fame .^haff Ciy^ly < {ind lyx^ 
between the JamepdrallelplanejyClFpstuiUhiVQL^ ' ' 
are equal. 



THe triangles LAI and KEI^" are' equal and Gini* 
Ut; (f 11) i and the prifm KEFDQH = LAlCBG^j 
HiAcrs^k the common folid ErLQfG, and the 
giiid AlrEBG6 = LrFKGjDH-, add the prifn) 
Ir^OD, and tSe folid para]. CDFIQ^B = 
ttoHKLG.wpron the fame bafe ID. 
, Agauii the. triangles FVK and DMH are (unilar 
atid «qMal (6. 11), and the prifm FVKIOL =r . , 
X)MHCLG } fubtrad the common prifm M/KP«I1, 
and the folid FVM/IQP« = D^KHC«LG j add tW 
prifm D'F/CK and the folid par/PVMDIOPC i= 
DFRHCILG = CDFIQEAB. 

PROP, XI. 

Paralklepipedetu cf equal }afes 'and Ughu art 172. 

fiUl ■ ^ :■ ;■ ' • 

— • - •• rf « • 

Let the parallelogram AGIC be the bafe of. chp 
parallelepiped. Draw BH, DF parallel to AG, AC. 
Th6 folid pip. upon the bafe AGI :=: that o^ the bafe 
ACI (Cor. 1. S); ^ndiblids on ABE and EFi, ar^ 
= thofe on ADE, and EHI (ibid.). Take the two 
laft from the firft, and there remains the folid on 
Dtt =; ibiid on BF. . But paralleiogram DH .13 tBF 
(4; . 111). Therciore. iblid pips, on equal bales, zj^i 
nights are equal, when the angle ^t £ is the fanie* 
Moreover, the pip. on the bafe BCEF is equal to 
ti%»t w die b^fq £OPF, and the fame hight (Cor^ 2. 
$\% reckoning pP.or £F the length of^ theiblid; 
Whence the |)ftra]Jdopip. on the bafe DH, iSiCqual 
toihe pip. on die btHe EP> md bight che fame. < 

' , # r « ' r • ' * 

PROP, 



tol SQ6e E1».EME.'NTS 

ri G/ PROP. XII. 



*( *■ » 



V,.-, 



iYj^, ' ^ P^^j^Mpp^p^^^^^ pf the fame hight are in ft of or ^ 
tionm^tbeirbafu: 

« 

. LctBN be the bafe of a parlopip. divide the 
bafe into any number of equal parts at D, E, F, 
p, ^c and draw planes l) to ABC; then the 
. parlopips. itanding upon CD, DE, EF, 6?r, 
Will be all equal (ii) ; whence the pip. AK i$ as 
multiple of AD, as the bafe BK is or the bafe BJ>^ 
alfo the pip. LN is' as multiple of AD, as the bale 
ON is or BD. Whence it will ht asf pip. AK :'pip. 
LN : ; bafe BK : bafe ON (Def. 4. Pro|)ortion). 
Moreover, let the bafe P(> be rr. ON, and hight 
*QR = AB, then the pip. Pk = LN ( 1 1 ), whence 
pip. AK : pip. PR*: : bafe BK : bafe PQ^^ 



. ♦ * 



Cor. I. Parallelopipedons of equal bafes are as 

their higbis. .1 ' /. ^ . \ 

., For in red^ngJed ones,^ ai^y fide, or face ipay 

be taken for the bale; and nghtahgfcd ones are 

equal to oblique ones, between the fame parallel 

^htits (10). r 

' Gon % Parallehj^pedons are, te oM affother% in the 
CQmpHcfite ratio of their. bafe$ : mi highu. . ^ 






..PR o R ,xm, 



I *j^. . ' If't^ti pdraUeld^iptionsj AD, ; !??, '^i equal j 0fdr 
bitjei^ and bights 'ure:re€iprocaRypropor'tionahy • AC- : 
^ t?H::HI:CD. 



fi-'-- 



U V . . » r ' • 



8Uppofe the fides CD, HI perpcftdkultf to the 
bafes, and 'make BM — CD.'^TKen bafe 'AC t 
te'Ptl i : foHd Adof. Ft : folid F54 (12): s HI : 
HM 4tCD (Oor, t, < r Jf)* And if «he pips, be ob- 
lique, inftead of fuppofing CD, HI to be the fides, . 
. i '.J r. let 
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Jet them be tfee hi^hte, and thenVo^bliquerpfps. y iq. 
bein^ equal to upaght. oi^es (10);. the propomdh X75-J 
continues the fame. - .; ^ 

Cor. If tbe bafes and higbtYof two pafaUelofipe^ 
dons ba recijprocalfy propof-tional^ they are equal. 

Forfincc bafe AC : b'afe FH : : HI : CD (hyp.)* 
therefore AC x CD = FH x fit ( 1 2. Proportion), 
and folid BE : folid FI : : AC x CD : FH x HI 
(Cor. 2. 12). Therefore folid BE = folid Fl(A3c. 
7. Proportion). 

PROP. XIV. 

All prifms whatfoever^ ABD, JPSR, of equal hafes i^^ 
Md bight Sy are equal. 

For any polygonal bafe BD may be dividied into 
ttiangles, by diagonal lines; and the polygon^] 
prifm may likewife be divided into triangulait 
prifms, by planes pai&ng through thefe diagonals; 
each of which triangular prifms is equal to half a 
parallelopipedon ftanding on double the bafe (9V; 
and as all thefe triangular prifms make up the 
polygonal prifm, this prifm mui^ be equal to a 
parallelopip. of n the fame bafe and hight, and that 
equal to the prifm PRS of an equal bafe and higHt 
(Cor. I. 12). * 

Cor. I . Prifms of equal hafes are as their bights ; 
and of equal bights j are as their bafes. 

For they nuiy be divided into trianeular prifms, 
which are half of parlopips. on double the bafe, 
and thefe pips, are as their hights, when the bofc'' 
i3 the fame \ or as the bafes, when the hight is the 
ikme. (Cor. 2. 12). 



% 2. AU prifms are to one another in tbe compli- 
cate ratio of their bafes and bights. 

Cot. 



^w «^ ELEMENTS 

FIG. Gor. |. B^diBS of iemal furfaces may be Viry dif^' 
1 74. fefini infolmtf^ And equal fi fids me^ ia^e Jw faces 
- vaftly dij^erent. 

Con 4. Jbi equal prijm^ the hafes attd l^bfs^ are 
reciprcf<;aUy pri^ortknal % and. the contrary^ ^^^ 

P R O P. XV. 

'^e fblidity^ of any frifm is equal ic the produBl of 
thebafe and bighf. 

For a prifm is equal to a right-angled paral- 
Iclopip. of the. l^nK bafe and! hight; and that is 
equal to the produdb of its bafe and hight ; or 
(which is the fame) it is equal to the fohd fpace 
contained under the planes of the upright paral- 
klopipcdon (Dcfc.5)* 

*:^ PR OP. XVI. 

i7^< EqjoiatigttUar faralltUfipdons AB, CD, are in tie 
cotupUcate ratio of their bemolegotts fidesy ^Gy GI, 
GB, and OE, EH, ED. 

Let FP, OK h« J- upon the bafcs IB, HD. 
Then by reaibn of the equal armies at G and E, 
the triangles GFP, EOK will be fimilar j and FP : 
OK : : FG : OE (13. II). The parallelograms 
IB and HD being equiangular at G and E, are to 
one another as IG x GBi to HE x ED. (10. III). 
' The parlepip. AB : CD : : bafe IB x FP : bafe 
HD X OK (Cor. 2. 12) : : IQ x GBx FP : HE 
X ED X OK : : GIx GB X GF : HE x ED X 
EO (7. Proportion). 

PROP, XVII. ^ 

1 7 7« Pyramds vpm the feme baft^ and ef^uil at^MdeSy • 
> are equal : KQB ^ HC¥ , 

Drair , 
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Drt^w tke {^ae AH, throbghihe'tdps^of 'the^ FI:g. 
pyraflii<i«» which ifitt. he paraUa td CK -A^ft^^ X77* 
thro^h any points of the p^r»mdij <Jraw -^hje 
plane BE,, i^o paraHel ta Ct- •, tbca hr ffeiHf» 
triangles, CF : BD : : AC : AB (13. H} : rHfcr 
HL (!«• II) : t CF r LE (15. «) V thehJfotx! *BD 
3= LK. Ahd^bgr. liic feme i»afoiiii%, BO =i O^* 
and PO = EL, Whence tbefrftion BOD = LHgr 
(8. II), Therefore if itoather pkwf KP be- ^MW 
vei^ oe^» and paralkl cd BE> the (bgments of ihrt^ 
pyramids, Nl>," i?!L» conip»ehendid betwceri i?F«fS 
planes, will be equal (14)* Andt^rc&fc if ocTer 
fo many fuch jJaries be drawn, ^ parts '^\^^ 
ceptcd will always be equaft - Therefbro the i^fm 
or all the parts of one pyramid,, .will be ^quai.ijd 
the Aim of all the parts of the other -, or the py* 
^ ramid ACGF = pyramid HCGF (Ax, 2). 

Cor. I. If a pyramid is cut by^ a plane paralkl I0 
fbe hafe^ tbafi&iim will befimianto tbt haf&^ ' '^ 

For by fimijac triangtes* it.ii AG *: AB : ^ CJG : . 

BO : : GF : OD ; : CF : BD. 

' \ 

Cor. 1. If a cone he cut by a plane parallel to tbt 
bafe ; tbefeBion will be a circle. 

For a cone may be confidered as a pyramid of aa . 
infinite number of fides. 

PROP, XVIIt 

Every prifm is three times the pyramid of tbt fame 178. 
' bafe and bights 

Let A1FC be a triangular prifm, draw AC, CF,. 
FD, the diagonals of the three parallelograms.. 
The triangle ACB = ACD (i.UI); therefore 
pyxamid ACBF = ACDF, their vertexcs being in 
F (i7)i likcwife triangle DFA z= DFE <i. III)^ 
and pyramid DFAC t= DFEC, their vertexcs be- 
ing 






F I G. i»g ifl C (17). But ACDF and^DFAC arc one and 
178* the fame pyrainid* Thetefoce.the three pyrtmids/ 
that make up the |>rifm, are equal to one another, • 
ACBF = ACDF = DFEC v and each of them is 
^.the prifih, 

• And fince any polygonal prifm may be refolved 
into triangular ones ; and the pyramid, upon the 
£une bafe, into, triangular pyramids. Then all 
^ triangular prifms will be triple to all the tri> 
, angular pyramids; and oohfirquently the whole 
prSm tripk to the wholcpyramid. 

Con I. Pyramids ef the fatrie hi^bty are to cne 
^iber as tbtbr hafes. 

For prifms, which are triple of them, , arc in 
that ratio (Cor. I. 14). Whence, 

Cor. 2. Pyramids of the fame or e^ual bafes are as 
thehights. 

Cor. 3. Pyramids are to cne another in the com- 
plicate ratio of thekt hafes and bights. 

Cor. 4. Pyramids of equal hafes and bights are 
equal. 

Cor. 5. In equal pyramids the bafes and bights jsre 
reciprocally proportional 5 and the contrary. 
For prifms are in that ratio (14. and Cor.). 

PROP. XIX. 

Cylinders of equal bafes and bights are equal. 

For cylinders are nothing but prifms, whofe bafes 
arc polygons of an infinite number of fides. And 
thefe prifms are equal (14). 

Cor. I . Cylinders of equal bafes are as the bights. 

Cor. 2. Cylinders of equal hights are as the bafes. 

Cot. 



/ 



I 

\ 
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Con 3«. Cylinders an tp ^ne ^ffbber i^ th C^ngpHy F \ (\. 

€a{i fqtiq of their b^^s and higbtsi iy^ 



. .Cor. 4. J^ equal cylinderSy the hafgs a^ bights art 
recipr^cqlh protioriimal : and the cdtftrarx* - 
All thjs fdipvy^ frooi- PtQp. 13^ 14, and Corel 



PRO P. XX. 



r • 



Evjery cone is the third part of a cylinder of the fame 
hafejimdb^bt. 

For coQCf and cjlipdcrs rpay be confidcred t% 
pyramids," and prrfinsi whbfc bales' arc fcgqlaf' 
polygons of §11 infinite number of fides. And con* 
fequcntly the cone == 4* ^^ cylinder ( 1 8). 

Cor. X. CoHes ^ equal hafes^ are as their bights. - 

por. i. Cen^s of equal -altitudes^ are as the hafas. 

Cor. 3. Cones are to one another in the compHcafe 
ratip (f tbf hafes and bights, V 

Cof* 4* ^ ^ual coms^ the hafes mi bights are 
retiproeaUy proportional* 

AH thefe things appear by Prop. 13 and 14, 
and 19. For the cyhnders are in that ratio, and 
the (ione is 4. the cylinder. 

PROP. XXI. 

^be frufium of a pyramid or cone BG, is equal to 1 79, 
the third part of a parallelopipedon^ of the fame 
bight ^ and its-hafe equal to the fum of, tbe-bafes of 
the frufium BOD + EFG, together with a mean 

proportional betweeh thefe j^afes. 

^ . . . 

Draw EB, GD to meet in A, the top of the 
ybole folid, and let ACP be -^ to the bafe. Draw 
the diameters BD, EG ; then thp two bafes BOD, 

• 1 - -- - EFG . / 
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FIG.. EtX* ^1 be fimllar (Cor. 1, 2. 17). Whence, 
170. bafc BOD : bafe EFG :: BD» : EG».(ao. HI). 

rr.. _^ i- . r bafe BOD . bafe EFG • ' 

Therefore fuppofc — r^ — = — EG* ' " ~*' *"" 

bafe BOD = » x BD % and bafe EFG = » x EG». 
By fimilar triangles, EG : BD : : (AE : AB : :) 

AP : AC (13. II), and EG — BD : BD i : CP : 

BD X CP •-.••'. «• 
AC = Lq ,^ BD * ^'^^^ ^^^ whole pyramid or cone 

= bafe EFG x 4;AP (18, 20) = 12LES! x 
CP\ AC - ''^'^^\ CP . ''XEG\ B^ X CP 

^ i»X EG'x CP - « X EG^x BDxCP+wxEG^xBDxCP 

""• . * 3XEG — BD 

«X EG' XCP . . . , .__ 

= SXLG-Bb - ^^^ '^^ *°P P*" ^^^ - 
bafcBOD At- r X, N »xBD'xCP .. 
-T^ X AC (18, 20) = — ^-tTBlS* *^^ 

*'i r vu u 1 1 «XCP EG» — BD' 
taken from the whole, leaves x -etr; utt 

CP 



fiw. the fruftum =— x » X EG* + » x EG x BD 
H- » X BD% becaufe EG* + EG x BD -+- BD» x 



I I iir 



EG — BD ^ EG' — BD' (Cor. 1. 8. 1), and « x 
EG' = bafe EFG, » x.BD\= bafe BOD, and 
n X EG X BD is a hiean between them (Cor. 2. 
J2. Proportion). • ; 

Cor. ir^ — - t;G* » ^'^^ fruftum — -^ — x 

EG' — BD ' 
15"— BD • 

PROP. XXII. 

180. tnjtmilarfotidsy AD, PS, the homologotisjides are 
l8i, fropmionah, AB : AF : i PCt: PV. 

' 3 Through 



> 



t 



• I 
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Through the diagonals ACi FCj, GD, and PR, e:JG». 
VI, ISj l«t planes be drawn to divide the folids 180. 
into pyramids. Thea fincc thefe pjrrannids arc fi-" |8i; 
milar (Def. 12), and their planes fimilar figures 
(Dcf. ii)i therefore if ABC,' PQR, and ACG, 
PRI, and AGF, PIV, £s?(r. be fimilar planes be- 
longing- to the 'fimilar pyramids ; it will be. AB : , 
PO (: .' AC : PR : : AG : PI) : : AF : PV. Alfo ' • 
AF:PV:i(FG: VI::)FE: VT, ^r. •■•'- 

Cor. The like planes or Jurfacest which incJo/eJmi- 
lar folids t are prop(^tionat.- 

For fince AB : PQ^: : AF : PV j AB*! P<^ : : 
AF* :PV» (Cor. 3., 18. Proportion); thatis, ABCG 
: PQRI .: : AGEF ; PITV (20. III). ; - . 

• « « 

P R Q P. XXIII. 

, Similar triangular pyramids A BCD, VQRS are as 1-82. 
the cubts of their homologous fides ^ AB' and PQ^. 183. 

Suj^ofe CE, BF drawn parallel to AD, and' 
RT, QV, II to PS i and the planes DFE, SVT, || 
to ABC, and PQR j and fo the prifms AF, and 
PV, compleated. 

Then fince the pyramid ABCD = -J-prifm, AF; 
and pyramid PQRS = 4 prifm PV j therefore py- 
raniid ABCD : pyramid PQRS : : prifm AF : 
prifm PV (5. Proportion) : : AB x AC x AD : 
PQ.xPRxPS(i6). 

~ ~ : AB : PQ, 

; AC : PR (22), '. 
: AD : PS (22). . " " 

: AB X AC X AD : PQ;x 
PR- X PS (18. Proportion) : : pyramid ABCD : 
, pyramid PQRS. 

4 

- • Cor. Any fimilar pyramids are as the cuhes of the 

homologous fides. 
,.j '. ■ I 2 For 



But AB : PQ 
AB : PQ 
AB : PQ^ 
Therefore AB» : PQ^ 



\ \ 
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* • 

F I G. For they may be divided intx) fimilar triangular 
J 8a. {pyramids, all which arc in that propoitidh, to4 
!%• thch* fumi in the feme pifo()ordon <io. PfojHir*^ 
tioh)* 

. iSo. M Jifnitar Jolids^ AD, PS, ^^ /a m^ Ktnother^ 
1 8 !• AT /2^ or^^i ^ /JMr homphgm Jdes^ ABf ^W P^ 

Let the planes AC, PQ, and FG, VI, and 
GD, IS, Gfr. divide tlie bodies into fimilar py- 
ramids. Then fince AB : PQ : : AG : Pi : : 
EG : Tf, fef^. ill). Thfer^ort 

AB^ : PQ? : : pyr. ABC i fyr. T<^ (23% 
and AB« : PQ^ r .-^ a6^ > PI» : : pyr. AGO ;; 

pyr. PIR : : p^r. AGF : pyr. PIV. 
an^ AB? : PQ^^ .: : EG? : TP : : pyr. FGE : 
pyr. VIT : : pyr. EGD : pyr. TIS, fcfr. 

Therefoit 
AB« : PQ^ ! : pyr. ABC + AQC + AOF + 
FGE + EGD, &?r. t pyr. FQR + PIR + PIV. 
4 VfT +TK, &?r. : : foKd AD : fdlid PS. 

Cor. If four Uttes A, B, C, D be in canHnual 
proportion ; then as the firft A to the fourth D\ fi 
any f olid defcribed on thi Jirft A^ to a Jimilar one^ 
on the fecond B. • 

^ For A : D : : A? : B? (23.Pi*op(Mtian) : : fo- 
lid upon A : folid upon B (24)* 

. ^ PRO P. XXT. 

1 84, Jf f<^^T lines be proportionaly AB : CD : : GH 
i LM J Jmiilaf folids^ alike defcribedy upon two 'Oni 
two ^Jh all alfo be .proportional : ABE : CDF : : 
GHK : LMN. 

^^^ if f^W figures be proportional^ and two and 
twajlmilari their homologous .fides jhM^e 'pwpof- 
^ 'lional. 

For 



r. » 
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For fiooe AB : CD : : GH : LM^(hyp.)i - - Fi^. 
tfterefore AB' ; CD' : :. GH' : LM* (Gor. 3. i|, jlS^. 

Pr<^rdon), 
whence ABE:CDFf:GHK:LMW(24)^ 

jifoin, if the iolids be fimihr, 
and aB£ : CDF : : GHK : LMN <hyp.), 

diea AB' : CD' : : GH' : LM» (24), 

wheae* AS : CP v : XSH : LM (Cor. j.' it< 

Pr(^>ortk>B)^ 

« 

PR OR XXVL 

If^n ath€t hit tbret firts of regt^^r phmtfgures^ .■ ^' , 
jm$ud t$^tber^ can make afalid angle i and thrfe are^ . 
Sf 4» ^ 5 ^riangles^ j fyuares, and sfiotiagotm 

t And ibirrfore there can only be Jive reffdar bodies^ 
Ae -pramid^ cubej oftaedron^ dodeeaedrony and ieo^ 
fiedrem ^ 

Three plane angles at kail:, «r^ required to ip^e 
a iblid angle. One angle of the triangle = 4- of a 
right angle (2. II), therefore 3 of them put toge- 
ther make t^o right angl^. Alfe 4 of them m^e 
%^ right angles. And 5 make ^t right anglet& ; all 
wlucb ar^ lefs thao 4 right angles. But 6 pf them 
make 4 right angles, and therefore <aaiiot make a 
folid angle (17. V). 

• Ag^99 one angjip of the fqufure 19 % ri|^r angle^ 
^^ 3,^ them Rjake 3 right; angles. 1^% 4' q?iak^ 
if.rJi^t apgle^, $nd therefoffc «9n mk^ joq JhM 

V^&kUj' V). 

AJfo^w 4ingl9 of thp pentjigpfi is if rigfet W^ 
1^1(17. JB), Apd 3 jwiglcs mafe? jl. ' But 4 of 
t^ j^ke 44, wi»ch €at?eeds 4 ri^l apgle^. . - / 

JUftly, qn^ an^e pf tbc4^ex#^-ip 4.<rfA righ« 
99^9; tipref^^e 3 angles fliake 4 right angle? ; but 
fi9 foUd angjb. And the angle of a heptagon, oc* 
t^cijp, ^c. ^eing greater j 3 pf them will exceed 
4 right aopr)(^ ; ^ c.Qflfeq»eni;ljr, -thefe can be pq 

I 3 more 
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F 1 6/ more than 3 triangles, i fquire,, and J pentagon, 
1-84. to -cohftitutc a felid angle-- ^ ^ - : ^ i -...1:1 
*. 'Hence there ^cp.n_oplj^ be, 5 regular bodies, to 
anfwersthe "g cpnrfbinatiohs of triangles, iquares^^ 
and pentagortis/.r Thret fa5ee5 of tHctriaDgie make 
thie ^TAfHi^^ .4. make the : o&aedron ; and 5 make 
the icojihetton,\ , al(b .6 feces .of ; the fquare make 
the cv^e, v.and 1,:$ £ices cf :tjie(pentagon, m^e the 
dcfdecaidroth. \ 

/ ScH o i,i;gAj| 

185. \ in brdcf ta get a clear idea. of. tht five) segt(lar 

186. bodies, .you may cut out -ati their faces ir>\]^e^ 

187. board, as rcprcfentcd^in tbcf figures, and fold thepfi 

1 88. U^» fo that the creafes may be in the blackU^es ; 
jjB^, and .their edge3 being put vdofc togcthec, |^u1tl 

have the figure ^f thefc bodies. Fig. iS^.is'thi? 
pyramid, 186 the cube, 187 the oftacdron, 188 
the dodecaedrpn, and 180 thtf icpfibedroff. '-' ^ 

< 

' ,.>• . , .; lopcR 6 "P,-".'XXVjI.: ; •-: fr tj .J 

Jhace'^,'^and'tMtisiizl^'cul/esr '\ ■'"'/' / "^ Vf ij 

.* To'dem6hftr«t§'^is-^>freV^^ that 'afiiong 

fthcr* ^r6pdrtieS;''lKis:Jis^ibfoiat:ely neceflarjr^ tJiat 

the- in(:lmati6ftk)f two adjoining planes -in tfce ttf)dy; 

. be fuch; that being taken ^ a certain- nuriibfer. of 

tiTnes,^ they i will fc6mpleatiy--mak:e up Tod^ right 

angles, tbr When the bodies' are put toiethfer; 

the- faces of ,ev*rf two; adjoJnihg' bodies muft coin* 

Ciiie'i -and ofle ^dge or fide of all the bodi^'-muft 

- coincide' with th* fide of thfe iSrfl: -,: which will-be as 

• an » axis, rounci which thcfe bodies are pla6c^- arid 

ihertjfore tbey ' Wiuft conypleaSly TfiU tp^ thet^ace 

Ijuicerdundi-' which is tour' right; angles.^ And 

^ M > * the 
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the angle of each (thj^t is, the inclhiation of two El G. 
adjoining planes), miift be a certain part of 4 right 
angles. Therefore what we have to do^ is to com- v 
pute the inclination of their plaaefi, and alfo to 
enquire what inclination is requlfueiri .the fcveral 
bodies, to have this effeft, ; 

i. To begin with pyramids. It is plain, the 

iafe :o£ the folid, being . an equilateral triangle^ 

the angle at any point is \ of a right angle; but 

the inclination of the planes is greater; for it is 

contained by two perpendiculars let fall on the 

common feftion of two planes, which perpendi- 

CuJar-s.are lefs than jhe fide3 of the triangle .:.:- 

(Cor. 4. 21. II); and ftanding on the fame bafe, „ . 

touft contain a greafer angle. (Cor. 2. 5. II). Tp i^. 

find the inclination of the planes ; let CPH, CPA, 

"and CDH be three of the equilateral triangles coit-^ 

-ftituting a pyramid. Draw AG, DI -»- to CP, 

:CH. Let the plane CHP be fixt, whilft the 

planes CAP, CDH, are raifed up, (moving about 

• the fijCt lines CP, GH,) ti)! the points A and D 

meet fomewhere. It is plain a perpendicular dropt 

from A (elevated on high), upon the .plane. CPH, 

will always be fomewhere in the line aG^ And a 

like perpendicular from D will be fomewhere in the 

lineDL Therefore when A and D.mcct, the perp.. 

.will be at the intcrfedlion O, in the middle of the . ^ 

triangle; and GO fe^^jGH (Cor.-3i. II) — ^GA. 

Therefore, if you .mijt^ the.feparate right-angled 

triangle GAO, fo that the hyp. G A may be treble 

the-: bafe/ GO, the 4. AGO i$. the angle of the 

pyrapiid, (that is, Qf its planes CAP^ CHP), .which 

was required. Nowtif £G be -^. tp GK, alfo if 

GBK be an e:quilateFal triangle, then the bafe GF^ 

will > be half the ^hypoth^nufe :GB (Cor, 3. 3. II), 

and Z.BQK z: 4* ^ ''ight.^^gJe C^* ^I)* Then its 
plaitiy 4 times l AGK-willbe lefs than 4 right' an- 
gles, becaufe 4 times, EGiC make but 4 right an- 
\ ... • I 4 glesj 
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FIG. gl^ ; therefore more than 4 tiiries AGK is rcqtiirddl 
190. to complcat 4 r^ght angles. LiHe^fe^ fmoc 6 times 
BOK make 4 right a:ngles, 6 times AGK will be 
't6o muGh^, Jinfd of confequctice we jnuft either 
3iave 5 times AGK, to make 4 Tight angles, or 
134* nothing, Thcft to find whether that wfll imfwek? 
isiuddy or not ; draiy the diagonal JSC of tKe penr 
tagon, and QiJD ^ to it i iH^n ^ times the angle 

^ X6L =: 4 rig^t angles, l&vit'Qt =^^11 
; (CoK 3 . 44- W), and PL =11 — ^1 x 5iSS^ ^ 

J90. v;^! j^ R ^ut GO '(f%. 'i^') =s 4 'iti^ itfpa^ 

thentife AG bj* R, and 4- is greaitelr th^ ^^ ^- * ,- 

that is, GO is greater jihah Qh^ 2tnd idofift^fpetotty 
,the ^nglc AGO is leflcr than EQU wbiph ijC ftioul4 
be equal to ^ therefore 5 times AGO raHs fhoit of 
^ :4 right angles ; whence it is clear, that m cona- 

biliatioh ot regular pyraa:ii4$ can complead))r fill 
ajl fpaee. 

2. And it is as clear diat 4 cubes fet together 
M\\l make up 4 right angles, each dube "cdntiim- 
. ihg one. . And therefore 8 cubes, joined at diieir 
.^angular points, will quite fill all fpace oh airfides* 

ror. ?• Next for the oftaedfon. As half »die k>£bHS 
flron ABE ftands on a fquare bafe BCED^ thfe fell, 
^s at the bafe^ as BCE, are right, and th^ti 4 of 
thefe Would be 44'lght ohe^s j but the lnfeliBMti<*i 
. of the planes ACB, ACE, are gretjter thta t^% 
angles (for the fame reafon as in the 'pyi%in^, 
being made by a plane ;-t- tt) their comnrK>ti ^AiOn 
AC 5 therefore 4 ©f thefe*angks will be fob fhuch| 
and confequentiy 3 or none of thefc angl^ c^ th« 
ipUnation ' muft be equal to 4 right angles ; or, wbieh 
, IS the fame thing, 6 halfs of the jl of ihcSnatSon'muit 
jbe = 4 right angles. Now to try this, dralyAG -^ lo 

EC, 
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PC ihd AO ^k6 tbe bafcBE, alfeditv^ GO. Tlseft F ) 6, 

hyp, AG e= ^^3 (Cor. ^9. II), and We 66 ss *5** 
iBD =: -! AB: ' fherefote AG : GO : : ^y'^ : 

^ : V3 : 1 :: 3 : v'3 :: I : ^ :: AG 1 ^y/i ; 

%1icn <Sb s= ^i/^* And as A AGO ^ half th6 

;mgle of irrclination, 6 of thefe muft mafee up 4 
ii^t angles. And therefore iL AGO miaft, be ?s 
./:BbE (figk f 3 1 ), if this fuccecd. For 6 of thdc 
ipake up 4 right angles. 3ut in this cafe, DF tas 
iP^^whence if DP (fig. 1,31) == AG (fig. i^O^thea 

^O d=: ''^^^l^^• tetat V3 is greater than 4- (is ik 

^afi]y Itnowii/by fqoaring ^hem) ; that is* GO ii 
^^ jtcr than Dr , and confcque wly L AGO is kft 
t|»n BDF15 ; Tiiercfore 6 of thefc, or 3 whok luiv 
gl^ of inclination, fall ihort of 4 right angles. So 
Hthx^e^^ 4;annot jcptirely fill all^ace. 

4. $Wtt tfefflfes the dodecaedron. As the angfe 
fef /iridinatidh of ^he pianes of this body exceeds a 
s4ght jingle *, ifherefe^e 4 fuch arigtes mVi exceed 4 
tight angles ; tliferrfore onljr three of tliefe bodxei^ 
l^iXk be laid together-, in which cafe the angle of . 
%iclthatibn fhuft be juft i-J- tight anrfe, I^or 3 x 1^ 
^ 4. If the iL*e Icfe, iht third body yill Icdvfe 
^ facility; if g^ter, it cannot cohne in; l^et 192^ 
^PC, PGH, r^H, bcsbentagbxis joiniitgirpoh 
^6he another, ©raw AG, DI a. to PC, TtC, cJoix- 
^Ififttea; Then let the plane PCH, ht &ti VMft' 

ABP, DteH, ^ce raifed ^p, and moved rbiind fltfc 

lines PC, HC, till the points A,^Di taeet. It^h 
'iiv^dent ^a ;^r^d. dropt frdm A upoh t|ie ^tlane 

PC3i,^in%l«r»ys ftll on *the line AG, Ahd tilQtfe 
•|>ci|)ettd. *ft6m D, *rin fall upon Dl. %hdL -whch 

^ ^d D meet, it will faU on the interie£H(m O. 



i 
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FIG"; tirtjl ftandiora right angiCi-, Then Race CK'u 
.jjav I t(>,-HN (Cot. 2- 43- IV),. 4.ECH + CHN = 
■ 2R-(Cor.2. 4. I)'=ECH+PGH,..t,licreforel'CE 
is a right line (1, I). For th.e fame rpafonBCH is 
a fight liiie; ■Since ^DCH ='4R (i;. Ilf); DCE 
= -;R, DCP=|R, lakeaway.ACi'-4R, then 
fiCD,= ^R." In tbc ifofceles triangle ACD, COF 
tiifeSs the i.C and bafc AD (Cof. 3. 3. 11), and 
iACF = 4R = DCF, and CD A = 4R s and 
*nt:e' COE = ^R, therefore CD A 4. CDE ='2R, 
and EDA is a ftraight line (i. I). In the right- 
ahgled triangle. ACF, .LACFor ACO = ^-Ri 
and in the right-angled triangle ACG, fince ACE 
ittlACO+BCE =ACG = 4R, GAG = 4R = 
ACO, or CAO = ACO, and AO = OC (Cor. i. 
".'II).' Therefore OG is lefs than OCor 0A''(5. 
MjVahd 00' is' Icfs than half of AS. >4akea 
*Sght angle triangle feparately, as A^O, where the 
I^Othenufe iS AG,' and-bafeOGi tof a.due length, 
ftnd .AGR is ond of the angles of the dodecaedron. 
Where the iiAGZ or GAO o'u^htto'be |R,-A« 
.3 . do de cacdron^ i^i^i .-together ; may.. §P : up J|. right 
angles. Now ji;q. Ipe -how thi^j.agrees, wc mid 
, ;in fig. ii8),,,:that,'.Ej:ri= ^DE, (jr DF =' 4DB 
"jCor. 3. 4/: IV.), and i ABF or, BAC = 4R = 
1)DF; (Cof,|;. i>, iy;,,.ap'd C9nfeq«ie.ntly;D8f,,g: 
^;.R (Cor. 2. .2..r|l).;- Therefore if/ypu make tlic 
TJalc GQ_.= y'the; typothctitifcJiM, then the 

iLpMQ_or' Mp^ is :^ 4ft.' .TJKrefore,' fince GO 

" ^ ' is leis than 4GA, .'thc^AQZ is^^f th?n 4Ri^a]jd 
^M^iR lefs than j^Baltb whicii it Jhould have beep 
^tialj-and, coEjfrqoently 3 times JVJGR 'falls IhQtt 
^4 jiglit angles : -therefore tile dodecacdtons ca^- 
"iiot fill a folid- fpace. 



_v ,5- Laftly, 
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»' 



^ '5: I^ftly,*-thc:kctfaed Fi»; 

iftg'upon a pcntagbnal hafciAflCDE.. Dfatr.the i^p 
diagonal AC of thci-pentagoni :aad:BQ::th^ dtfi 
meter of the circumfcribing circle. And let the 
jilane AEC be d«iwri at right. ahg^s to BO^Tthe 
t:ommon feftion of the two feces of the foliii8|BQ^ 
. e&O/ Dlraw-P^^which will be x-l» toACiThes wc 
as*e to find the qttaatity of the ^ AFG, the woHnir 
doiv' o( the planes, or rather^ of its half AFr, Cijl 
^.rtQi thcTadilisof the citclc, R ; then AFm^wi{^. , 

44^ IV) = ilji^RR. Alfo AB- = Rft X *^215£S 

(44. IV), and AF* = -^-AB* (Cor. 39. II) =: 

^ 3RR X ill^5^ Therefore AF^ : AP* : : ^RR x 

And AF* : AF* — AP* or FP ^ : : 3 >< 5^^ 

I : .12732 : :'^F* : .12732AF*/ And by ex-^ 
trading the root,*itcis AF^ FP : : AF : .3568 
X AF 3: FP. Now if^ three icofaedrons laid to- 
gether can fill up the whole fpace, then three times 
die angle AFC, or fix times the Z.AFP, muft 
make four richt angles*, and in that cafe AFP 
muft be 4- of a right angle. But (fig. 128) the 
ficje DF muft be half the hypot:henufe DB, when 
the L. between them BDF is 4- of a right angle 
(Con 3. 41. IV) : for A BDF = BAC in the equi- 
lateral triangle BAC (Cor. i- 12. IV) = ^ of a 
right angle (2. II). But here the fide FP is lefs 
than half AF or .5 x AF ; therefore the l FAP will ' 
J^e jefs,, and AFP greater, thw it Ihould be j that 
"'""■' is," 



•* \j 
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F [ O; i&f AFF is more than -} (^ a right angle i and 6 
S93. timn AFP, more than 4 right angles i and thoe* 
fora 3 icofihedhnis cannot find mom. 



Thus I have demonflxatod from puiv geometri* 
^ principles, that no combination Of regular bo> 
^dies of the liune foit (accept cobes), can ade* 
^uatdy fill up all the fpace round about. Tb$ 
calculations of all tbeie cafes are ottremcly m^t 
by *orking with the rules of tiigonomeiry j but 
that was not my bufucls here. 
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BOOK VII. 

13f the fphere,^ and its m^sibed ami . 

circumlcribed bodies. / 



« 
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DEFINITIONS. 

1* A ^^^ ^ i^f I? ft ^oitd ottde by a iettii-^ F I G» 
XX ciroli? ABD, moving xound about its <&« 194* 
mem- AD^ wliich remain fixt ; and is called the 
tfxif iofihefpherei and the points. At ^uerje^, 

2. The center oi the fplyerc ia the center C csf / 
the femicircle ABD. 

3. The r^i/W iif the Ipiherc, is a line drawn from 
the center to the furface4>f the fphere. 

•Con Jll the radius tf a fphere are ejualf^ cxi ' 
another. 

4. The diameter of a fphere,' is a right Kne 
drawn from one £ide to the other, through the 
tenter,. 

5. AJeSor of a fphere, CFDG, is a part of the igj, 
inhere made bj the circular fc&or JFCP, jnoving 
rpundthe radiu$ CD« 

6. Segment of a fphere, is a part qf a fphere, as 
FIGD, cut oflF bjr a plane FIG. If the plane pafs 
thiou^ the centxa't that fqgdlefxt is a hemifphere. 

7. A wniy is a part of adhere intcrcqpt^ be- 
tween two paraHel plants. 

8. The middle zonty is die part between two , 
pmlld Jiatatt wibkh iifee 1^!^^ 

center. 



12$ 

to 

FIG. 
^9$f 
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9. A foKd is faid to be infcribed in at fphcrc, dr ^ 
fphcrc cfrcumfcribed about a folid ; when all the 
angles oiF the folid touch the iinfacc-^f the fphere. 

,10. A fpherc is faid-to be infdribed in a folid, or 
^Sol^d fircwnfiribed atv>u|; a fphere •; when the fpberc 
tettches all the planes of the folid. 

P R O P. I. 

J^ a fphere he cut by a plane FOG \ tbefeSion will 
ie a circle. 

Lit the two planes CFDG and COD be ^ to the 
cuting planfiFlOG •,: then. the 'cpmr^on fedion CI 
is -A* to the plane FOG (15. V). Draw the line 
t^lG.r. Then in: the ' triangles CFI, COI, CGI, 
•the fides CF, CO, CG are equal (Cor.» E)ef. 3), 
and' CI common, and the angles at I right'; there- 
fore IF = 10 = IG (9. 11).^ Therefore FDG is 
Va circle^whofe center is I (Cor. Dcf. 3. IV), 

PROP. II. 

If afjpbere ABDI touch a flam HGL; aright 
line CD, drawn from the center to the point of contest 
D, is perpendicular to the faid plane. - 

Let the planes APB, ADF, cut the touching 
plane in the lines DH, DG. Then fincc HD, GD, 
touch the circles BD, FD, (whofe center is C,) 
in D, therefore CDis -^ to HD, GD(Cor. a, 16. 

IV) ; and therefore CD is -*- td the f)Iahe HGL 

(4. V). _ : ^ : : • . -: :. 'r ' 



\. 
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PROP. HI. 

Thefurface of a fphere is equal, tojth^curve fufface 
of its circumfcriling. cylinder.. ' .'\-\ ' : '^ , 

Let BAP be^ hepliffhere, ind fiHCff a' cyiin- 
der on the fame bafe, BTP, and of the fame alti- 
tude. 
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wife.^ Takell^ to ftxfjt%ilnel/Jiiiiiir'p^^ 6tlh^ F^lfel 
quadrant BLA, andUhrough L and I,' fuppofd t*6' jfefij 
planes MLEVQj^J^tii! NI? SR xjj' W iimwri. ^' t& 
AC. Throuffh L» and I draw the line ILD^^ ind 
througli- S-and V tlic ttne^ &VQ; "M^n becaiift IL 
and VS are extremely fmall; the rigbc Hn^»^fui3 
arches LI, VS nearjy poncide.. And if the figure 
01S6-' be * turned about tW' radius*; AC;" lit will 
* generate, the fruftum of ji cone;\knd the fmalf 
parts of its Turface ILVS^ will- concide with the 
portion of the fpherical furface, and be equal tbere^ 
to (Ax. 8). But the' furface of the fruftum ILVS , 
is =: IL X half* the fum of the. circumference* 
whofe diameters are LV and IS (6. VI), that is = 
ILx circumference of LV or IS, they being nearly 
equal. Let C r: circumference whofe radii^s ii 
BC, and c zz circumference whofe radius is LE or" 
IF, then the furface ILVS :=z c x IL, and the 
xylindric, furface NMQR = C x MN.(4. VI). 
But the triangles IL|C» and LCE are fimilar ; for^ 
ZlLC (Cor. 2. 10. IV) == KLE = a right angle 5" - 
take away KI^C, then z. ILK = CLE 5 alfo 4. IKL" 
zn, LEC = a right, arigle. Therefore LC qk 
BC : LE : : LI :' LK (13. II).. But C : r : : BC 
or ME : LE (Cor. 9. IV) : : LI : LK or MNt 
Whence C x MN zz c x IL (12. Proportion) ; 
that is, the cylindric furface NMQR = fpherical 
furface ILVS. TherefiDre if more parallel planes, 
^s MLVQ, be:drawn, exceeding near to one ano- 
ther, the Imall parts of the cylindric furface wifl 
be equal to the ciorrcipondent parts of the fpherical 
furface , and therefore the fum of all the parts of . 
the cylindric furface, equal to the fum of all the 
parts of the fpherical fuface (Ax. 2) -, that is, the 
, furface of the hemifphere is equal to the furface of 
the cylinder BO, and the furface of the whole \. - * 
Iphere = furface of its circumfcribing cylinder. ^ ;** * ^ 

Cor. 



For f(}ii&<<9 MR ^ <MMr lA ^ aU tb(> MR 
. 4f»iktbth^$V^,, , 

for the futfape of dm tylindtr =: p ^ ^IC 
(4. VI} } gnd the jtrca c^ the baft ?: ■ ■ ^ ^ ^ . of 

<= X *= (J4. IV). 






Con 3. Thejiirfiice of the whcle ffhere is eqtfal t^ 
four great circles of the fame f^bere j or to the reS* 
, an^ie of the circumference and diameter. 

Cor* 4. ^he areas of Jpberical Jurfaces cut of fy 
parallel planes j are as the fegments of the diameter^ 
perpendifular thereto. 

For th«fe areas are equal to the cbrrefponding 
cylindrical fuifaces, which are as the hight^ (CfK^ 
^ 3-4- VI}. , . 

Cor. 5. The . furface of any ferment of the fami 
fjfberty is as the bight of the fsgn/ient^ . 

Cor. 6. fhe fftrface of the fphetf i$ ^ fke ft^oU 
Ji/rface of the ciroM^f^tbing cylinder , 

For dhe two b;^6^ of the C]4in4ef i$ h^ V» c^rve 
furface (Cpr. 3). - 

PROP. lY. 

J97, The furface of the fegment PAD, of fi ffbene \ it 
198. i^qual to' the ar ea , of ,f circle^ V^Mfe Kfiffi^s tsjhp jc(n'4 
.AB, drawn from the vertex to the hafe. 

Let 
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Let C Hi circumference of the radius AB, dnd FIG. 
ABED = circumference of the fphere. Then 200. 
fince the circumferences are as the radii (Cor. , 

9- IV), let T^^ = ;^ = n, or ABED = n X: 

AC, and C = ;/ X AB. Then the furface BAD 
= AF X ABED (Con i. Ill) == AF X » X AC 

_ « X AF X AE K X AB^ ^ ^^ ^ 

zz ^^ — :zi (Cor. 17. IV) t:^ 

2 ,2 , 

AB X C 

— ^ :zz area of a circle whofe radius is AB 

Cor, T'Jbe furface cf the whole fphere^ is equal to , 
the ^area of a circle^ whofe radius is the diameter AE. 

P R O P. V. 

The furface of a fphere is double the curve ftfrface '2Ql^ 
6f the infcribed fquare {or equilateral) cylinder EB. 

Draw the diameter ECB, then ED n DB. And 
fmce EB* =: ED* + DB'- (21, II) = 2ED* •, ther6. 
fore circle EB = 2 circles ED (22, III). But furface 
of the fphere :;;= 4 circles EB (Cor. 3. Ill) z=i 8 circles 
' Et).> And :^ED : AE or ED : : cifcle El) : curve 
furface AD (Cor. 2. 4. VI) = 4 circles ED. But 8 
circles ED rr twice 4 circles ED, or the furface of 
the fphere iz twice the ^urve furface of the cylinder. 

Con I . The whole furface of the infcribed cylinder 
is \ the furface of the fphefe. 

For the two bafes AB, ED tz 2 circles ED, and 
the whole furface AD = 6 circles ED, 

Cor. 2. 'The ct^e furface of a cylinder ^ circum^ 
fcribing the fphere^ is double the curve furface of the 
infcribed equilateral one. And the whole furface^ is , 
double to the wb^li fUrfaci. * ^ 

K For 
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FIG. • For the furfacc of the fphcre = furface of 
201. the circumfcribing cylinder (3). And the furfacc 

of the fphcre = twice the furface of the infcribed 

one (5). 

Again, the furface of the fphcre =: 4- the whole 

furfacc of the circumfcribing cylinder (Cor. 6. 3). 

And the furface of the fphere 15 =4: the whole 

furface of the infcribcd cylinder (Cor. i j* 

PROP. VL 

202* The ftirface of any fegment of a fphere ASDC : h 
to the curve furface of its infcribed cone ABC : : 
as the fide of ^ the cone. aB : /^ the radius of the 
iafe AO. 

For if IT X AB = circumference of the radius 
AB, and » x AO n c'u-cumfcrence of the radius 

AO (Cor. 9. IV), then the circle AB = t^L^ 

(34. IV), and conic furface ABC = ^B X « X AO 

(Cor. I. 5. VI). And the furface of the fegmtfnr 
ABDC = circle AB (4) j therefore furface of the 

fegment ABDC : conic furfacc^ ABC : : ^^ : 

AB X « ^ AO . . ^B . ^Q ^^ Proportion). 

m 

Cor. I. ^he furface of a hemifphere^ is to the curve 
furface of its infcribed cone ; as the diagonal of a 
fquare^ to the/tde. • 

For then AO, BO become radii of the ^here» 
and AB the diagonal. 

Cor. a. If AIRC he an eqtdlateral conCj then the 
furface of the fegment ABDC is twice the curve fmf ace 
of the cone ABC. 

For then AB = AC ir 2 AO. \ 

2 PROP. 
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P R O p. VII. ir I G. 

Let the cone DAE be right-angled at A. Theri 2031 
the furface of the bemifphere BGE, is to thd curve 
fur face of the right-angled circUmfcriiing cone DAE 1 
as thejide of a fquari AD* is to the diagonal DE. 

Draw AC froni the Vertex of the toiit A^ t<> 
the center C ; And CF R to AE, or J- to AD, Thert 
AF = FD =a FC :^ BC, and CD* =f CF* + FD* 
= 2BC* (21. II). And the circle whofe tadius is 
CD :z: twice the circle wholb radius is CB (Cor. 1. 
35. IV) :± furface of the hemifphere BGE (Con 
2. 3). Therefore the furface of the hemifphere, ot - 
the circle whofe radius is CD : furface of the cond 
DAE t.: CD : AD (Con 3. 5. VI) : : AD : DE 
(26. Ii')v 

Cor. Th^ furface ^f a right -Angled coHe circum^ 
/crikiHg a hemifphere^ is double the furface of one in^ 
fcribed ; taking either the curve furfacesy or the wholS 
fkrfaces. 

For ^2 X furfate of the infcribed (^one =:: furface 

of the hemifphere (Con i. 6) = -— X furface or 

the cirdumfcribing tone (7)4 Therefore the latter* 
is = twice the former. And the bafe of the latter 
is likewife =3 twice the bafe of the former (by the 
demonftration of thitPrdp.), therefore the whole 
is double to the Whole« 

PROP. VIIL . 

The furface of the fphere^ is to the curve filrfcK^ 2504* ' 
if iat eftttkueral infcribed cone BAD \ as%^to i. 

F4r txKt EF = -lAF (Cor. 3. 41, IV)^ there* - 
fore forf«e BKD - ^, attd furface BAGD = 4, 
the furfgfis oC the fphere (Cor. 4. 3)^ =c 2 curve! 

K2 forfaics 



132 ri? ELEMENTS 

FIG. Surfaces of the cone BAD (Con 2. 6); or the 

204. lurface of the cone n i the furface of the fphere. 

* / 

' Cor* The %vhole furface of an equilateral com 
BAD, infer ibed in a fphere^ is ^ of the fphere* s 
furface* 

For' 3BC* n BD'- (41^. IV) rr 4BE% and BE* 
= 4BCS whence circle BD = -| circle BDG 
(35. IV.) = ^V the furface of the fphere (Cor. 3. 3) ; 
add this to the curve furface of the cone ; then die 
ivhole furface of the cone = 4 + tV the fphcre*s 
furface z= -^V the furface of the fphere. 

P R O f^. IX. 

205, • 5^^^ curoe furface of an equilateiral cone ABD, is 
to the furface of its infcriied fphere '^ as^tojx. 

Draw AE, CF -J- to BD, BA • then by fimilar 
triangles AEB, AFC ; AE* : EB* : : AF* : FC\ 
But AE* =z 4AB* (39. II) = 3AF*. Therefore 
3AF* (AE*) : AF* : : £B* : FC* (4. Proportion) 
: : circle BD : circle FEG. But BE : : BA or 
2BE : : circle BD : curve furface of the cone BAD 
(Cor^ 3. 5. VI) r: 2 circles BD •, and circle FEG 
5= i furface of the fpHerc (Cor. 3. 3). Whence 
3:1:: 3AF* : AF* : : i. furface of the cone : 
4 furface of thi fphere. Therefore the furface. of 
the fphere =: 4- the curve furface of the .cone. 

Cor. I. The furface of the fphere is ^' the whole 
' furface of the circumfcribing equilateral cone. 

For the bafe BD z: 4- cutve furface of the cone 
= 4 furface of the iphere. Add this to the curve 
furface, which is zr |. furface of the fphere ; then 
the whole^ furface of the cone r= 4 + i the fur- 
face of the fphere = ^ the furface of the- fphere, 
or ^the whole .'furface of the cone == the furface 
of the fphere. » * 

' Cor* 



Book VII. ^^ G 5 O M E r R Y. ,13^ 

Cor. a. The curve :fUrface of an equilateral cone FIG, 
infcribed-ifi a fpiert is :z: t ^^^ curve fur facf of the 205. 
circumfcr thing equilateral one. . And the Whole fur^ 
fac^ of one zz -^ the whole furf ace of the^oiher. 

For f the furface of the infcribed cone zi furface 
of the Iphcre (8) =: 4- furface of the circumfcribed 
cone (9). Therefore the furface of the infcribed = 
:J: the furface of the circumfcribed. otie. 

Alfo -J- the whole furface of the circumfcribing 
^ne = furface of the fphere (Cor. 1.9) = -/■ the 
whole furface of the inlcribed cone (Cor. 8). There- 
fore the fui;face of the infcribed cone = ^ the 
furface of the xircumfcribed cone* 

Cor. 3. The furf aces of a cylinder and equilateral 
€one^ both circumfcribed about afphere^ are as 2 to y\ 
koth their curve furf aces and whole fur faces. 

For \ the curve furface of the cone zr fur- 
^ce of the fphere (9) = furface of the cvHh- 
der (3). Surface of the cylinder : furface or the 
cone : : 2 : 3, 

Alfo ^ the whole furface of the cone =' furface 
of the fphere (Cor. i. 9) = 4^ the whole furface 
of the cylinder (Cor. 6. 3). Therefore, whole 
furface of the cylinder : whole fqrface of the cone 






S C H O t I U M. 

From the foregoing propofitions are deduced^ 
the proportion of the fphcre's furface, to the fur- 
faces of the infcribed and circumfcribed equilateral 
cylinder and cone, as follow^ : 

K a Surface 
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F J G. Surface of the fphere m . ^ — — t6 

ap5, Itifcribed cylinder's curve fbrface •— S 

whole furface — ^ lo^ 



riMHta 



-r <• 



CircUmlbrtbed cylinder*s Curve furfi^ce ' ^6 

— ^ whole furface — 24 

Infcribed cone*s curve fyrface ' ,^ 6 

,,p_^ 1_ whole furface — ^ 9 

Circumfcribing qpn^'s curve furface — 24 
,.,„- — --. .., — — . whole furface — 36. 



106. A fphere is equal tQ a con^ whfe bigbi is th<^ 
radius AC, ^nd }afe the fyrfa^e (ff thefpheri AEF, 

Take three points in the furface of the fphere, 
-as A, B, D, extremely nes^r together, forming 
the fmall triangle ABD, on the furface of the 
fphere. Let a plane pafs through thefe three 
p<:)incs A, B, D j the fmall portion of which ABD 
will cbincide with a portion of the fpherical furfec^ 
ABD, extremely near. And the radius C A will 
be -J- thereto (2), Therefore the portion of the 
fphere C ABD* is nothing but the pyramid whole 
bale is ABD, a fmall part of the fphere*s fu'face, 
.^d hight the radius CA. In like manner th^ 
whole fphere rnay be divided into fmall pyramids, 
fuch as CABD, whofe bafe is a fmall portion of 
the fpherical furface; and common altitude, the 
radius CA, Therefore the fum of all thefe pyra- 
mids CABD, make up the fphere -, and the fum 
of all the bafes ABD, make up the fpherical fur- 
face. That is, the fphere is equal to the fum of 
fill thefe pyramids, whofe bjjfes are all the pfeirts of 
the furface, qf the fphere,. and common altitude 
the radius CA \ and that is equal to oae pyramid 
or cone, whofe bafe is the furfacf of the fjphcfie, 
anfl bight the radios ( A?c, 2}^ 

Cor, 
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Cor. I. AJfbere is equal to a^conc^ wbofe bight is FIG. 
the radius i ami b^e equal io fout^ great circles of the 296^ 
Jpbere. i-' " 

For the furfacc of thc.fphcrc is equal to four 
great circles (Cor. z^Z)* 

Cpr. 2. A fpbere is equal to a cone wbofe higbt is 

iwice the Jiametery and bafe^ a great circle cf the 

fpbere^ . ^ • 

By Cor. 4. 20* VL 

Con 3. A bemifpbere is double its infcribed cone. - 
For la hcmifphere iz a cone whofe bafc is a great , 

circle, and hight equal to the diameter (Con 2); 

and that is double to a cone of the fame bafe, ^nci 

half the hight (Cor. u 20. VI}. 

P R O p. XI. 

Awf fpbere BANR, is 4- its cirmmfcribiHg cylinder y 207. 
DM. ' 

Let AC be the axis of the hcmifphere BAbT. 
From the center C, draw the diagonal CD ; and ' 
draw PJli -^ to AC, and OH parallel to it, and 
exceeding hear it. Then if the figure ADBC re^ 
volve round the axis AC ; then ADBC will generate 
the cylinder BDGN ; the quadrant B V A, the hemi- / 
Iphere BAN ; and ADC, the cone ADCG. Then 
VC* = VL* + LC^ (2 u II) i that is, PL* = VL* 
4- KL* (for DA = AC, and KL = LC (13. II). 
Therefore the circle defcribed by LP=:the twocircles 
defcribed by LV and LK (Con 2- "35. IVj. Take 
away the circle defcribed by LV, from both, and 
there remains the annulus or ring defcribed by 
VP = circle defcribed by LK. For the fame reafoa 
the annulus defcribed by OI = circle defcribed by 
FH. Therefore the fmall prifmatic folid contained 
between PN and OI, quite round the figure =,cone 
fruftum contained between KL and FH, round the 

K 4 figure 
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F LGr figure (12. VI). In^like manner e^ery part ^rf" the 

207. figure BDAVB = correipondent part ojf^DACG. 
Therefore the total fum of the firft = total fom of 
th« laft, th^tis, the fplid BDAGNAVB'= cone 

DCG (Axe2) =: 4 the cylinder DBNG (20. VI), 
Therefore the remaining part, or the hemifpherc 
BAN =5 the .remaining 4- of the cylinder BDGN, 
Whence" the' double thereof, or the whole fohere 
ABRN == T of the whole cylinder EG, 

Oibermifa. 

' ; Th? cone whofe bafe is BN, and hight CA, 
or the cone DCG = half the hemifphcre BAN 
(Cor. 3. 10). ^ And the fame x:one DCG = 4- the 
cylinder BDGN, (20. VI), Therefore \ hemi- 
fphcre = -f cylinder, and the hemifphere = 4- cylin- 
der BG. Whence the whole, fphere = ^ the cylin- 
der EG, V 

Cor. I. the concave folidBFADBER ^e. = i the 
fpberc BANK. 

208. Cor. 2, Aright cone^fphercj and cylinder ^ all of the 
fame diameter and hight ^ are as i^2y 3 refpeSively \ <^ 
ABD: AHGI:EliOF:: 1:2:3. 

PROP. XII. 

ao6. ■ X^^ feSlor of a fpbere CGAH, ts equal to a cone 
whofe bigbt is tbe radiffi \ and bafe ^ the furface of the 
feSorQAH. 

This is demonftrated a3 Prop. X. For if the 
fedtor be divided into a multitude of extremely fmall 
fedtors CA3Dj the bafe of each will be a fmall por- 
tion pf the fpherical furface ABD. And as all the 
pyramids make up the fedtor, and are the elements 
thereof ; fo all the bafes are the elements of the fur- 
jface GAH, and make it up. And as the hights of 
^ii thepyr^ids is the fame> they are all eqiial tp onp 
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pyramid of the fame hight, and bafe the fum of all- FIG. 
the bafes (Cor. i. 18. VI). That is, the feftor 206. 
CGAH =5: a pyramid or cone whofe hight-is the 
radius, and bafe thp furface GAH. 

Cor. I. The fe£ior of afphere^ CGAH = a cone^ i 

V)hofe bight is th radius AC -, and bafe a circle whofe 
radius is AG. And the feltor CG BH = a catfe whofe 
radius is CB, and bafe a circle whofe radius is 3G, 

For the furface GAH m a circle whofe radius is 
AG (4) ; and the furface GBH = a circle whofe 
radius is BG*(ibid.}. 

Cor. 2. SeSlors of fpheres^ are to one another, in 
the cojmflicate ratio of their furfaus and radii. 
" For the cones, equal thereto, are as the bafes and 
bights (Cor. 3. 20. VI\ c - ; 

PROP. XIII. 

' If it hemadcy as BD : BA : : radius CA : CF ; ^ito. 
then the cone GFH is equal to the fegment of the 
fpbere, GAH. 

Draw CG, BG and FCB ; then CA : CF ; : BD 
; BA (hyp.) : : BD» : BG* (Ccr. i. no. II) : ; GD» 
•: GA* (20. II) : : circle GD (or circle whofe radius 
is GD) : circle G A (35. IV). Therefore the cone 
.whofe hight is CF, and bafe the circle GD = cone 
whofe hight is CA, and bafe the circle GA (Cor. 4. 
io.VI)=fe(aorCGAH (Cor. I. XII). Subtract, 
or add the cone GCH, on thq fame bafe GH, ana 
theii the cone GFH = fegment GAH. 

Cor. I. i)f BD : DA : : radius CA : AF. Tbe^i . 
the cone GFH, zs..fegment GAH. * 

For fince BD : BA : : CA : CF, therefore BD 
^ BA — BD : : CA : CF — CA (13. Proportion)} 
that is, BD ; DA : : CA : AF. 

Cor. 2. The fegment GAH, w to the infcribed co*>e 
OAH i as FD to AD. Coi . 
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F I G. Cor. 3. The fig ment GAH : fegment GBH : ; 
^40. GC + DB X AD* : GC + /iD x DBS 

For the hight of the cone, equat to the fegment 

GAH, that is, DF = — X DA + DA (Cor. i) 

GC + DB , 

= jjjj — " X DA, And in like manner, the 

hight of the cone equal . to the fegmeitt GBH, is 

GC -f- DA «^^ A 1 I I- 
■ j^ ; X Di5. And thefe cones are as the alti- 

^ tudes (Cor. i. 20. VI) -, that is, as ^ ta^"x 

GC -4- Da *— 

DA, and 55^—^ X DB, or as GC 4. DB x 

i:>A» : GC"+~DA X DBS 

P R O P. XIV. 

a 10. The fegment of afphert GAH, is equal to a com, 
wbofe hight is 'AD, fbe bight of the, fegment ; and 
hafiy i the bafe of the fegment GH, together with \ a 
circle wbofe radius is the bight of the fegment AD. 

• 

Let ©AG denotjo the circle whofe radius is AG, . 
and fo of_the reft. Then fegment GAfi ssfeaor 
CGAH -I- cone GCH (fig. 1,2)= fAC x ©AGX 
tCD X ©GD (Cor . I. 12)4 and 3 fegmen^s GAH = 
AC X 0AG 4 . AD -t- AC X @GD = AC x 
0AG — ©GD + AD X @GD = AC x ®AD + 
AD X ®GD (Cor. 2. 35. IV). 

But AD : AB : : AD* : AG* (Cor. i. 20. II) 
I ! AD* : AD* + DG» : : eAD : AD + 0DG 

(Cor. 2. 35. IV), therefore AD x eAD + eDG 
= AB X ®AD s= 2 AC X ©AD, and AD x 
3©DG -{- Q AD « 2 AC X ©AD + 2AD x ©GD. 

And AD X lioGD 4- i©AIJ = AC xeAD + 
AD X ©GD = \ fegments GAH. 

Corof' 
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Corojlary. Tie fegment GAH = fAD X FIG. 
3®GD + QAD, a 10. 

P R O P. XV, 

The frufium- or middle zone of a fpbere ZGHF, U 21 !• 
equal to a cone wboje bight is the bight of the zone CD | 
and bafe^ two great circles ZF, together with the kffer 
kafeGlrh 

For the zone ZH = hemifphere ZAF — the 
feftor CGAH + the cone GCH = AC x 4«ZC 
(, i) _ AC X 40AG (Cor, I. 12) + CD X 4«GD 
(20, VI) — AD X ^®ZC +DC X T®ZC —AC 
X -^ G + CD x^eoD. But AD : AC : : AG* 
: AZ* (i8, IV) : : AG* : aAC» (21. II) : : eAG : 
a^ZC (35. IV). Therefore AD X iOZC = AC 
X \G. And AD x t»ZC = AC x 4©AG. 
1 hercfore the zone ZH — DC x | qZC + DC 

X ^0GD - 4.DC x 20ZC + ©GD, 

Cor. The zone ZH is equal to f DC x pfpice the circle 
Zh' -i- the circle GH. 

PRO P. XVI 

An orb or hollow fpbere is equal to thefrufium of a 
foncy whofe greater bafe is the furface of tht greater 
fpbere 5 and lejfer hafCy the furface of the lejfer : and 
bight J the difference of the radii. 

For the orb is equal to the diflference of the tw<Ji 
fpheres ; that is, to the difference of two qohe$ 
whpfe hights are the radii of the fpheres, and bafeS 
tte furface^ (|o). 



^ R O P^ 
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' FR O P., XVII: 

^he furfaces of fpheres GH, IK, are as the f guar es 
of the diameters^ AB, DF. 

For the furfacc of the fphefe GH = 4 circles 

j^GBH/ afitd the futface of the fphere IK = 4 pfrcles 

IDKF (Coc. 3. III). But 4 circles AGBH : 4 

c^rcles^DIFK : : circle. AGBH ; circle DIFK (Cor. i. 

5. Proportion) : : AB^ : DF* {35.. IV). * . 

« 

• - • P R O t». XVIII. • 

; ' Spheres GH, IK,; are to one another^ as the €uhes 
0f their diametersy AB, DF. 

■ For the fphere GH = ^ the cylinder, whofe bafe 
is AGBH, and highc AB. And che fphere IK = -? 
the cylinder, whofe bafe is DIFK, and hightDF (i i); 
Therefore fphere GH : fphere IK : : 4-AGBH x AB 
: 4-DIFK X DF (Cor. 3. 19. VI) : : AGBH x AB 
: DIFR X DF (5. Proportion) : : AS* x AB : DF* 
X DF (35. IV. and 7. Proportion) :: AB' : DF». 

PR OP. XIX. 

Similar folids infcribed in fpheres GH, IK, are as the 
cubes of the diameters of the fpheres AB : DF, 

' From any two equal and correfpondent ahgles A, 
I), draw the diameters AB, DF. Then lince th6 
fblrds arc infcribed after a fimilar manner in refpeft of 
the diameters AB, DF. It will be AG : DI ': : AB : 

gF(i9. III). But iolid AE : folid DL : ; AG^ : 
P (24. VI). :: A^' : DF^ (Cor, j. i8. Propor- 
tion). 

Cor. I. Similar folids infcribed in fphereSj are as the 
fpheres. 

For fpherejs are alfo as the cubes of their diameters 

(18). 

^.7 Cor, 



I • 
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" Cor, 7^. The furfaees of ftmtlaf folids ififcrihei in FIG/ 
Jfheres^ are as the fquares of the diameters of the 214^ 
fpheres. , - ' 215* 

For fwface of AE : furface of DL : : AG* : DP 
(7- VI) : : AB* : DF^ 

Cpr. 3. The furfqces of Jtmiiar folids infcribe^ in 
fpheresj are as the fur faces of thefpberes. 

For they are both as the fqiwcs of the diame- 
ters (J7). ; . ■: :t 

PRO P. XX. 

Afphere^ is to any circumfcribing folid BF, (all tJohefk jf 1 6, 
planes touch the fphere) \ as the furface of thefphere^ 
to the furface '»f the fplid. 

Since all the planes touch the Iphere, the radius 
drawn to all the points of contaft, will be -^ to each 
plane (2). Therefore if planes be drawn through . 
the center C of the Iphere, and through all the fides 
of the body; then the body will be divided into 
pyramids, bC A E, BC AD, £^^. whofe bafes arcthe 
planes B AE, BAD, C^c. ; and their common altitude 
CP, the radius of the fphere. And the fum of -ail 
thefe pyramids, or the whole folid, is equal to a 
pyramid or cone, whofe bafe is the fum pf all the 
plane figures, and hight the radius CP (Cor. i. 18. 
and CQr.:2. 20. VI). But the fphere is alfo fequJil 
to a cone or pyramid whqfe bafe is the furface of the 
fphere, and hight the fame radius CP (10). And 
this laft cone : former cone : : bafe of the latter : 
bafe of the former (Cor. 2. 20. VI,) •, that is, the 
fphere : circumfcribing folid : : furface of the fphere, : 
furface of the folid. 

Cor. I. Jll circumfcribing cylinders ^ cones^ &c. are 
i$ the fphere^ as their furf aces are^ 

For 



1 » 



14* «tf ELEMENTS 

FIG. For amy cylinder, or cone, may be conceived to be 
216. made up of an infinite number of Imall planes, all 
of which touch the fpHere. 

Cor. 2* -^// iodies circumfcribing the fame fpbere^ 
are to one another as their jurf aces. 

Con 3* Tbefphere is tbegreatefi or mofi capacious of, 
all bodies of^ etjml furface. 

For if the planes be fuppofed to touch the fphere, 
their aread will be greater than the furface of th<! 
* iphere, which is contrary to the. hypothefis •, there* 
fore the planes muft fall within the fphere^ and then 
the perpendicular upon them will be (horter than the 
radius, and therefore the body will be kfs than the 
iphere, as having the fame bafe^ an^ a left highti 

PRO P. XXI. 

^10. ^V fegmtnt of a fpbere GAH, is to its infcribed 
r^^ie ; tfj BC + bD, /^ BD. 

AD 
For if AF = ^ X AC, then the fegment GAH 

= cone GFH (Con u 13). Therefore FD = 

AD ' 

0g X AC + AD. And this cone GFH : cond 

, GAH : : DF : DA (Con i. 20. VI) ::^ 

X AD + AD: AD ; : ■ ^ X AD : AD : : 

AC -I- BD : BD (5* Proportion). 

C<»'. I4 AbemifpbareisdouhktbeinfcriheicinUi - 

For then BD = AC or BC, 

w 

Cor. 2. The- fegtnent containing an equilatiral cdMt 
is equal to 3 times the cone. 

> For then BD = tBC (Cqr. 5. 4 1. IV). 

i? R O P. 



\ 



I 
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"PROP. XXII. tiQ. 

If the cone DAE circumfcribing a hemifphere he 203^ 
right-angled at A ; that cone DAn is t^ tbe'^ infcribed 
hemfpbtre ; as %/2 tc u 

'For Jet (land for circle, then fuppofing the 
fame conftruftion as in Prop. VII, then we have 
CD* = 2BC% and CD = BCv^2 3= DFV2, and 
CD : DF : : v^2 ; I (Cor- 1, 1%^ Proportion),; alfo 
eCD = 2eCB, and AC = CD. The cone DAE 
= 0CDx tAC(2P, VI) = 20CBxiCD. Alfo . 
the hemifphere — 4®CB x GC (1.1) = 20CB x 

BC 

— , Therefore the cone : hemifpheri : : 20Cfl x 

\CD : ?0CB X 4BC : : CD : CB or DF : : 

.. 1^2 : I. 

Cor. A right-angled cone^ circumfcribing a hernia 
fpherCj is to the infcribed cone ; as z^z to i. 

For the circumfci>bcd cone : hemifphere : : -v/2 : 
.1 : : 2v^2 : 2 (22). 

And hemifphere ,: infcribed cone : : 2 : i (Cor. i. 
21). 

Therefore circumf. cone : in£ cone : : 2V^2 : 2 (15. 
Proportion). 

PROP. XXIII. 

Afphere is to its infcribed equilateral cylinder AD, 20 u 
cs 4^27^ 3. ' ' 

y 

Draw the diameter BE, then BE» r= DE* -\- DB,» 
(21. II) = 2DES andcircle AEDB :p i circles BD 
(35. IV) s alfo BE rsDBVa = BDV2. Now 
The fphere =4.AEDBxBE(n)5»4AEDBxBDv'?, 
the cylind, = circle ED X BD = 4.AEDB x BD. 
Then fphcre : cylinder : : ^AE.DBx BD^^a : 4^AEDB 

■ , ' ' ..■.•- . -^ Cor. 



/ 
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F. I.Q. , Ccc* . Th^ circHm^ribed equilateral cylinder^ is to tie 
20 1, infcribed equilateral cylinder \ as 2^/2 to i. 

For \^ the circumfcn cylinder = fphere (11) = 

' — ^ X the infer, cylinder. . Therefore the c'lrcumf. 

cylinder = 2y/z X-infcr. cylinder. 

PRO P. XXIV. 
404. Tbe/pbere h to the infcribed equilateral «w BAD, 

Let €>BE denote the circle whofe radius is BE, ^c. 
then BD» or 4BE* cs 3BC?. (41. IV), and BE* = 
4BC% and eBE = .^©BC (Cor. i. 35. IV). Alfo 
AE = 4AC (Cor. 3. 41. IV). Then the fphere = 
.50BC J< 2AC (II). And cone = ©BE x tAE 
(20. Vi; =4eBCxtx4AC. Therefore, fphere 
: cone ; : 4^eBC x 2AC : ,©60 x iAC : : 4 : |^ : : 
32 : 9. . 

P R'O P. XXV. 

- 295. ' Afpbere is to.its cit^sumfcHbed equilateral ceneASC^t 
'aS4.td^. 

■ The conilru&ion of' Prop. IX. remiiining •, let ©FC 
denote the circle whofe radius is FC, 6ff. Then 
EB* = 3FC% and ©BE = 30FC (35. IV), and CF 
, or CE = 4CA (CoJ-. 31. H), and AE = 3CF. 
The fphere == 4©CF x 2CF (1 1). 
The cone = ©BE x 4 AE (20. VI) = 30FC x 
FC. ' 

Therefore fphere : cone : : ^OCF x aCF : 3©CF 
XCF :: 4: 3 : : 4 : 9. 

t 

Cor. I, The circumferiM equilateral c^ne is eight 
times the infcribed equilateral cone. 

For the circumfcn cone : fphere : : 9 : 4* 

And fphere : infer, cone : 3 3^-9 (24). 

Therefore circumfor^ ccfee*^ Infer, eonc : : 32 : 4 
(15. Proportion) : : 8 : 1,^ Con 



>->••• ••^^-^■■^^■t,*'- 9wi • ••^a.Ma««* 
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Con 2. Ti^ circumfcrihed cytindtr is ^ lie circufH- ^IG. 
Jcriked eqidlaterai ttme^ 205. 

Fbr 4 the cylinder = fphcfe {i\)±i^ the cone ; 
and the cylinder == -J the cone. ^ 

• 

Cor. 3. fbefpbere feF is to the circumfcrihing right ti 1 7* 
ifflindir BQ a»J ^i^w tyltndir tp thecircUIHfiribing 
itMhiteral toHe ADG, Ws z to ^ ; ^(?/A /* refpeH if 
tpeir whole /urf aces and Jbliditses. 

This appears from Cor. 6. 3. itid Gbfi §. 9. irtd 
PttJp. II. and Con 2. 25. 

Con 4, yi&f cinumfcrihiiig right cylindtrj Und iqili^ 
lateral co^j are to bHi diioth& as^td ^\ hth iH Regard 
to their curve furfaces^ their whole furfaces^ fotidttieS\ 
kafes^ andhigbts. 

As to thc-furfaces it appears by Cor. ^. ^\ and 
the folidities, by Cor. 3. of diis. As tO the bafes, fince 
eBE = 30FC (fig. 205), or 0FC = ieBE, there- 
fore 26FC TSL 4>®B£, or the two bafes of the cylin- 
der = 7 the bafe of the cone. 

And for the hight, AE = 3CF^ or 2CF = -JAE ; 
that is* the hight Of the <^linder = |-.the hight of 
the conci 

ScHOLIUit. /. 

f'rom the foregoing propofitions^ is Mfily deduced 
^e proportion which the ^her^ has to the infcribed 
and circumfcribed eqUilateinal cylihddrs and cones, as 
£;>llows : 

Solidity of the fphere 31 

•——i—-^— infcribed cone 9 

> --^ I * -• '« Inicribcd cylinder i2^a 
—————— circumfcrihed cylinder 48 . 

■ ■ - ■ ■ ■■ ■ » circumfcribed cone 72* 

PROP, 
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FIG. PRO p. XXVI. 

2 1 8. %he ffuare of- the Jide of a regular f;^amid in* 
fcrihd in a ffberty is 4- the fquare of the diamfUr : 
AE* = 4-EF*. 

* • . ■ ' ' 

For drawing ECF J- to the bafe ABD, 3 AC =? 
AB* (41. IVJ = AE» =t AC* 4- CE» (21. II) V and 
tAC* = CE% or tCE* = AC* = EC x CF 
(17. IV), therefore CF = iCE, and EF = 4CE, 
or CE = 4EF, and AC* = iCE* = |.EF*. There- 
fore AE* = AC*4- CE* (21. II) = ^EF» + i^EF- 
= 4EF*=4EP. 

Cor. I. The bight of the ^ramid is \ the diametir 
*f f^efpbere, EC s=4EF. 

Cor. 2. ^he diameter of tbefpbere : diameter of tht 
circle comprehending the bafe of pyramid a as 3 : ^8, 

. ■ For AC* = |EF*, and 4Ae* = |EF*. 

Cor. 3 . The area of the bafe ADB = EP x ^. 

For the area ADB = ^^—^3 (39. II). And 
AB* or AE* = »EF*. Therefore ADB= tEF**/*. 

Cor. 4, 3'he radius of the infcribedfpbtre r= iEF, 

For'lt is = EC — iEF = iEF. 

PROP. XXVII. 

218. ^e foUdity of a regular pyramid infcribed in af^ertt 
/i^EPys. 

For the foUdity = fEC x bafe ABD (18. VI) = 
|EF X ABD CCor. i. 25) = ^EF x iEF*V$ 

(Cor. 3. 26) = ^ X EF'. 

PROP, 
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PROP, JfXVm. irro 

The fquafe bf the eiiameter of a ff her is is thrice the 2 194 
fiuare of the fide of its infcribed cube : F A» =z ^ FD\ 

1 

Through the oppofite fides AG, DF, firppo(e the 
plane FDx\G to be drawn ; and. through two oppo- 
fite angles A, F, draw the diameter of the fphere 
AF. Then DA» — DB* + B A* r== aDB* ~ aDF* 
(21. 11). Alfo FA*= FD^4.DA* = F^* + 2FD* 
s= 3FD* (ibid.)^ 

Con I . Thiftde of the cuie DF == -tFAv^3. 

Cor. 1. The diamHer cf the fphere AF, is to the 
jdiameter DA of the circle comprehending one face of the 
fube ', as, i to -f v^6. 

For FA = FD X ^i, and DA = Fliv^a % and 
f Pv^3 : FDV2 : : I : V4-, or 1 : ^v' 6. . 

Cor. 3, The area of om face of the eube DBA! /V 
^ual to ^FA\ 

Cor* 4. ^Hbt fam of tbefyuares of the fiits of the 
it^iriked pyramid and cube^ is eftntl t0 tbt fquafe of 
fbe diameter. 

For the fornaer is ^y and the latter f, of the 
^tiare ef the dimeter (26 and 28). 

' Cor. 5. The diameter of the circle containing one face 
0f the cube DA, is equal to the fide of the pyramid. 

For DA* = aDF* = ^FA* {%%) = fqoafe of the 
fide of the pyramid (a 6). 

• Cor. 6. the Ttiim.j>f tht itifarited fphert is ^tbe 

iMFD.. ; , 

La .PROP. 
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FIG. P R O P. XXIX, 

2x94 ibe folidity of a cube infcribed in a fpbere^ is -^ 

muUiptied into the cube of the diameter of tbefphere : ^^ 
X AF'. 

For DF = FAi^t, and DF» = FA» x Vt = 
FA' X V3 (28). 

Cor. The infcribed ciihe is -^brice tht infcriiei 
fyramid, 

PROP. XXX. 

^ao. ^be fquare of tbe diameter of a fpbere is double to 
tbe fquare of tbejide of an infcribed regular offaedroH 
ABFDEG : AG* = 2AB*. 

Through two oppofite angles A, G, draw the 
diameter AG ; then die angle ABG is ji^t ( 14* 4}} 
therefore AG* = AB* + BG» = aAB* (21. II). 

Cor. I. ^be fquare of tbe diameter of a circle com- 
prebending a triangle of tbe oUaedron^ is ^ tbefqimn 
of tbe diameter of tbe fpbere. 

For AB* = thrice the iquare of the radhs 
(41. IV) = 4 the fquare of the diameter^ and 
AH* = -^AG^ (30) % therefore the diameter fijuare 
= |^AG\ 

» 

Cor. 2. Tbe diameter of a circle containing tie 
triangle of tbe oSiaedron^ is equal to tbe fide of tbe 
pyramid. 

Cor. 3. Tbe fame circle comprebends botb tbefynesre 
of tbe cubcy and tbe triangle of an oUaedron^ ii^arHei 
in tbe fame fpbere. 

For: 
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For the former 4iamctcr is 4v^6, and the latter PIG. 

Cor, 4. ^be aua rf ^ne of ibe faces cfsbeoffaedron^. 
as ABE> is ^ multiplied into tb>e ffuare of tbe 

diameter of tbefpbere 5 fa -g2 ^ AG*. 

AR* 

For 'the triangle ABE = i~V3 (39. 11) 
AG , 

Cor. 5. Ti&f r^<6'itf ^/i&# infcrtbei circle is 4- AB V5. 

• 

For it is the perpen. from C upon ABE, fup. 
• oofe it = P, D =: diameter of the circle encom- 
paffing ABE. Then PP = JAG* — -JDD ; and 
4PF = AG» — D* — AG* — I^AG* (Cor. 1. 30) 
= f AG* = ^AB% and zP = ABVt = tAB^^. 
«ndP = 4ABV6. 

PROP. XXXL 

Itbe foUdity of an o^aedron BD, infcrihed in a 
Jpbere^ is ^ tbe cube of tbe diameter if tbifpbere AG. 

V 

For the body confifts of two pyramids BEDFA sao; 
and BEDFG, ftanding on the fq uare bafe BED F, 

Therefore the folidity = DE* X 4AC + iCG = 
<BD»x~=^AG'. 

Cor. Afpbere:, is tof tbe infcrihed oSaedron i as tbe 
circumference of tbefpbere^ to its diameter. 

For the fphere is =^5l the circle ABGD X AG 
ill) = *AG X circumference ABGD x 4AQ 
(34* IV); Therefore fphere ; oftaedrdn : : ABGD 
X iAG* : ^AG* : : ABGD : AG. 

L 3 PROP, 



\ 

« 
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•» • . ^ *-^ . - • . 

FIG, PRO P. XXXII. 

2 q. I, 1^ ^ufine 4)f tix diam^f^ff ff a Merty is tt tba 
fpaKe of %Jj4i ^ itf iti(crik4 rtgftfor dodtKnieidrotl 
PA J tfj 6 /5 3 — v'f ; or «J 9 -f 3V'5» ^^ 2. 

Let A be a folid angle of the dodecacdron ; 
,!^» AI» AL, thrcip piKj^ggoHis forti^ng <he ^.A. 
Praw the diagonals, BD, BF, DF. And on the 
plane BDF let falj the perp. AC, and draw DC 
Then DF* = aDC* (41. IV), and DC'=: 4DF», 
md CA». =.DA? -w- pC%(qor. i. 21, Ij) = PA* 

-iPP = PA* - ^A^^ i£^ (Cor. 3. 43, 

• ;Pf9«:l;^DA?, 4hef««9Pe ^A = -, ^jfi^ Ai 

-^—^ ==: ^amcter (rf ^e fpherc (Cqtv 

17* IV), or the diameter zs w..^M.ux. > jLjai -i .■ js» 

DAXV3— v<s. 

' i^ ' / ■: — T X PA = Sj and diameter fquare, SS ss 

3-^/5 6 9 + 3V5 

' • . • • . • ... 

Cor. I. Xhj f^re of the iiam$ttr if tU ffher^ 
%s tQ p>i fyuare of the diameter of the circle c^ 
taining one face of the dodecaedron ALs '0S 15 to 

- » • • 

Let S = diameter of the fpherc, R zz radius of 
the cifde circumfcribing the pentagon, tfeen AD* 

*? ^^X% '^32) \ and RR== ^2^ (44. IV) 

« -^ x'i—^ SS = iSS X ?-"^^ 
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SS, and the fquare of the diameter of that 



y - 



30 

circle or 4RR = i^:=^^S. 

Cor. 2. STi^^ area of .one pentagon of the dodecae^ 
droHy is equal to Av^ "^ ■ multiplied ly f be fquare 

of tie diameter of the fphere. 

For let O bd the center of the circle circum- 
scribing the pentagon AI j a,nd OP J- to FL 

Then OP - ^ ^ ^ x RR (Cor. i. 44. IV) =. 
1+i^ X ^-^=^58 5 and the are^ FOI = 

iOPx FI r fv^^xl=^X^^ 

= ~>f\ X ■ ■ "" i and fince there are 5 fuch 
. , 2 48 30 

triangles in the pentagon, the pentagon = ^SS^--- 
X ^"^^^ =: 5SS , 5 — a/5 

30 12 ^ 10 ' 

Cbr. 3, nejide of thi cube is equal to the diagonal 
DF, of the, pentagon of a dodecaedron infcribed in the 
fame fphere^ 

For DA* = 3r:i£|sS(32); andDF = ^^^DA 
(Cor. 3. 43. IV) I and DF* = i+-fi^DA* 

2 26 

^-'^SS = -i^SS = -5-SS. But the fquare of 
2x6 2x6 ^ ^. 

the fide of the inicribed cube is alfo = 4SS (28), 

L 4 • Therefore 



V 
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J? I G. Therefore the diagwal ip ,thc pepwgon xs 0*1 
.82 1, QfthcQube, 

i - 

P R Q P,. XXXIII, 

fife cube of ibe diameter ofafpbere^ is to tbefoU^ 
4ity of the infcfiied regular dode^caedrgn j af i, /* 
5/ 3 + i/S 

T^V — 1 

Let S = diameter of the fphcre, R = radius of 
the circle encomp^ffing the ' pentagon, P = per-^ 
jjendicular from the center of the fphcre qpon the 

pentagon^ then RR = » .IT^lS S (Cor. i. 32}. 

Jhc(i PP = ^SS -r RR (Cor. i. 21. II) ;:5 
, f .^ - 10 + ,V5ss ==, 5+i£5sS^ ^^d p ^ 

,\SSV^-^^^ (Qof, 2, 3a), Therefore thepy- 
ramid whoft bare is the pentagon, and Vertex at 
thp center of t|i5 fpherc, is =; fS' x -n ^^-^^ 

^ ^SV^4-±4i^ = ^vi±Jii^ J |»ut' a$ 
there arc i? fwch pyrapii^s in the body, therefore 
Ihe dfideca^dron = t^W^^^ * -|S V^^^ 

Cqt, ^b^.radiifs of the Jpherf ivferibe^ in tbi 
4e^(ae^en^ is DAV^li—^ i DA iein^ tH 



f 
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For that radius is = P = S ^^ "*! '^^ = FIG. 

00 2Zl 

PROP. XXXIV. 

^be fquare of the diameter of a ffberey is to the 222^ 
Jquare i>f the Jide of its infcribed regt^ar icofibedrm \ 
(If iQto$ — v'5« «ras§ + ^$to2. 

Let BDEFG be the pentagonal baf<rof the folidl 
angle A, made by 5 triangles of the icofiedron } 
let AG be perpi to it, and draw DC, Then DC^. 

^j^im^i^ IV) = ^-i^AD* = AD» >c 

And AC* = AD» — DC* (Cor. i. 21. II) b AD^ 

^L±^Aiy = i^zX^AD*, and AC =» . 
10 10 » 

ADV^-^---^f But the diameter of the ^here 

AP? AD» -^ / 10 J ..^ 

= -TrT = : — 7- sr ADv < ,, , and the 

' fquare of the. diameter = AD*>c -^77- = SS^ 
id AD* '=^ S=:!^SS :«: J;^ 

Cor. I. 7'i&^ diameter of the fpbere^ is to the dith 
jnetfr of the Qtrck ^onffrekendin^ fivi Jid^s of the ko* 
Jedron ; as ^§ to ?, 

For if S = diameter of the iphere,' then SS s 
AD* X T^^, and DC* 53 AD' X r^» *"* 



F I'G, 4DC* ar AD» x —7- i therefore SS : 4DQ* : : 

to : 8 : : 5 : 4^ And S : 2DC 1:^/5:2. 

Cor 2. "The fquare of the diameter of the Jjpberej is 
to the fquan of the diameter of the circle containifig 
ifne triangle of the icofiedron \ as 15, /^ 10 — 2^/5. 

For let R = radius of the circle circumfcribing 
the triangle ADB •, then AD* = 3RR (41. IV), 

and" AD^ = 5Zli£^sS (34) ; therefore ^^^^^^^SS ' 

= 3RR, ^i^=^ X SS = RR, and '^' . '^^ SS 
^ 4RR. 



_ Cor. 3» Tkejkm.^k cmfrektn^ Mk the 
tagqa .of a dadecaeirotty and the triflvgkpf m icqfie- 
4rony infcrihed in ihe. fime fpbere. ' 

, . : Qpr.. 4. tbp arm ef a.. iriaugU ADA cf the4€^ 

■iraii^ k etmckl to y^^* " '^ x-fyMre «f the Sa- 

met&iif Hv'fpifm..- 

^ . DA*-; , ... SS 5— */s / 

. . ?«• the area = -5^-/3 (39- ") = 7 '^ ^T^^? 

M= ssx^^s = SS X^^i^. 

i ' ? _ PRO P. XXXV. 

5122. ^he ctibe of the diameter of a fphere^ is to the 
folidity of the inkriied' regidar icojibedron \ as 6 td 

liar. ' >» ^ *. ' • . • 

'" ^Ler P s: tke pferpcndiculat from the center of 
the fp])ere> upon the triangle ADB of the icolie- 
droffi.' . i^ ;= cadiqstOf ^ circle epGoa:$afling the 

^i»ngte- Th«n..RR: = ^^^SS (Cor, i. 34i- 

Thca 
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Then PP = iSS — RR = :^S — Szi^SS =5 ^^G. 

li^ X SS, and P = Sy/ ^ +y ^ . Aiid area of 
60 00 

the itriangle ADB ± Sr^VSK' SS (Cor. 4. 34)* 

Therefore the pyramid whofe bafc is ADB, and 
vertex at the center of the fphere is = 4.P x ADB 

OS. vi) = ^lx'-=j^x s^i+^ (divid. 

Ing by V3) = r^T^ X 5 ~ V5 X V^-—^^ 
(fquaring 5 - ^5) = ^^ X V io^(V5 X ii^ 

_S1_ so+.Ws^ _SLvl+^. , And 
3 X 40 20 ' 3 X 40 * 

*o fuch pyramids, or the icoficdron = — v/2-IL2i2, 

< . Cor, J'i&f rtf<//«J of the ffhert inferihed m the icofi- 
hedrm, is DAV ^ "^ ^^^ DA *<»? /*» >& tf/ /-&« 

For that radius is t= ]? = S^Li^^ is 
PAVi±^ X lii^(34) == DAv'214^ 

5^4 ' 

S C H O L I U M.^ 

A fphere may be infcribed or drcumfcribed to 
S^Y ^^gvilar body, or to any triangular pyramidt 
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D E F I N I T 1 I^. 

|r 1 G» A P*'^Wem IS faid to be conjiruiled geometrically^ 
j[\ when it is done by the help only of a fbrajght 
ruler, and ^ pair of compaflesi 



P R O B. L 

•■.». • • ■' -' 

ts^^. ' '^0 draw a Jlraigbt line from one point A, tet 
H^thef H^ upon a $l(0e. 

Set one foot of the cbmpaflcs in the . point A, 
jnd ipply the ^dge of one end of the ruler to it ; 
keep It clofe there, whilft you turn the other end 
of the ruler about, till the edge of it fall upon the 
btlier point B ; then draw a line by the edge of t;hc 
ruler^ which will go from one point to the other. 

P R O B. 11. 

224« TV produce a line AB, that is too Jbort. 

X^Y Hit edge bf one end oi the fuler againft 
the foot, of the compafles, placed at one end of 
the line A \ and turn the other end about it, till 
the edge fall upon the other end of the line 
B. Then through B, draw a Unc by die edge <^ 
the ruler, from B torF» 
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Otberwife. pj^^ 

Place one foot of the compafTes in the end A, 224. 
and through the othei* end, draw the obfcure arch 
CBD> with the other foot of the compafles, opened 
to the diflance AB. In that arch take BC equal to . 
BD ; then with any opening of the tfompaffes, 
feting one foot in C and D, defcribc two obfcure • 
arches to interfeft in E •, then draw BEF. 

For if the lines AC, AD, CE, DE, CD be 
fuppofed to be drawn ; the line CD will be -J- to 
AB, and to BF (Cor. 3. 3. II) > ind ABF, a right 
line (i. I). 

P R O B. III. 

From a given foint C, tfi draw a line equal to a 22^, ' 
given line AB. 

Pra\^ the line CD, fufiiciently long *, then take 
the extent AB in your compafles, and feting one 
foot in C, ftrikc the obfcure arch, F. Tl)en CF 
= AB. 

P R O B. IV. 

^0 find the fum and difference of two given lines 226. 
AB, BD. 

Draw any line DA fufiiciently long, then take 
the fhorter line AB in your compafles, and feting 
one foot in B, defcribe two arches to cut AD in 
A and F; then will DA == BD + BA, and DF = 
BD~BA. 

P R O B. V. 
V'o divide a given angle ACB into two equal parts. 227^ 

From the angular point C defcribe any arch AB, 
to cut CA, CB \ then with any extent, feting one 
foot in A and B^ defcribe two obfcure f rches, to 

cut 



'/ 



'1^ The ELEMENTS 

FIG. cut 6ach other in D } then draw CD ; and z. ACD 

For if AD, BD be fuppofed to be drawn •, the 
^DCA == DCB (8. II). 

P R O B. VI. 

t 

%i%i To divide a given right line AB into tWD iqiud 
parts. 

From the ends A, B, with the fame extent, de- 
icribe two arches, to cut one another in C, and D< 
Draw CD to cut AB in I. Then AI = IB. 

For if AC, AD, BC, BD be fuppofed to be 
drawn, ACBD wffl be a rhombus } and AI = IB 
(2. III). 

P R O B. VII. 

tig* ' Xo wake an angle B, equal to a given angle A* 

Upon the an^kr point A as a center defcribe 
an arch FG. Draw any line BC, and from. B witli 
the fame extent as before, defcribe the arch CD. 
Make the arch GD = FG, and draw BD. Then 
i^CBD = z.FAG. 

P R O H. vin. ' 

5^30. Through a given'^ point A, to driw a line AB pm* 
rallel to another CD* 

Take the neareft diftahce of the point A from 
CD ; and feting one foot in fome point of the liitc 
CD,' defcribe an occult arch O. Then through A 
draw a line AB to touch the ztch O i which will be 
II to CD. 

Otherwife^ 
231. From fome point O in the line €D as a cett* 
^ tier, with the diftance.OA, defcribe a fenucirck 
CABD pairing through A \ then make the ardi 

DB 
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DB = arch CA •, and draw AB, which will be || to PI G. 
CD (Cor. 13. IV). ' 4314 

• • t 

Or thus. . 

With any extent, and anc foot in A, dcfcribe 232/ 
twi arch to cut CD in fome point C. And with 
the fame extent,- and one foot in fome point as D, 
iti the line CI>^ defcribe an arch B to cut AB* Then 
^ith the extent CD, ' and one foot in A, crofs the 
I3& arch in B ; then draw AB> which is parallel 
%o CD (I. III). ■ . 

Or thus. 

From a point T> taken at pleafure in the line ^.jj; 
DC, defcribe through A, the arch AC \ and from 
A, with the fame c^ctent, the arch DB. M^ke 
DB = AC. And draw AB, which will be D to 
DC (Cor. 2. 4. I). 

\ 

PR as. IX. 

Ff/^fn a given point P in a right line AB, to raije 234I 
a perpendicular. 

Make PC equal to PB, and from C and B, with 
a convenient extent, defcribe two arches to cut 
each other, at D 5 draw DP, which will be -** to CB 

Or thus. 

With any diftance PF, and one foot in P, de- i^gi 
fcrihe the circle FCD, and kt FP from F to C, 
and from C to D ; from the points C, D, with any 
extent, defcribe two arches to intcrfed at O, then , 

draw OP, which is -J- to AB. 

For FC is the third part of a femicircle (45. IV), 
ahd CD is bifefted by OP (Cor. 3. 3. II), and alio 
the arch CD (Cor. 2. 2. IV), and therefore Z.FPO 
;5: OPB = a right angle. 

PROB* 
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FI<5. PRO B. X. 

236. ^o^imfe a perpendicular on the end A^ of a Uni 
given^ AB. \| ; 

Set one foot in A, and eJttend the other to any 
point C out of the line AB.. From C as a center 
defcribe the femicircle PAF, to cut AB in F* 
Through F and C draw FCP, to cut the femicircle 
in P. Then draw PA, which will be -^ to AB 

(14- W 

Otherwife. 

237. From the center A, at any diftance AF, defcribe 
the arch FG 5 fet AF from F to G. And from G 
with the fame extent defcribe an arch P. Through 

^F and G, draw the line FGP, to cut the arch in 
P. Then draw PA, which is perpendicular to AB. 

For if AG be drawn, z. FAG 3= 4^ of a right 
angle (Cor. 2. 3. II) = AGF = 2GAP (i. II). 

Therefore GAP = 4- * ^g^^ ^^S^^ » ^^ ^^ whole 
FAG + G AP = 4^ + 4. ^i I whole right angle- 

Or thus. 

a^Z. Take any length in your cbmpafles, as AC 5 
and fet it 5 times along the line AB, to C, E, ' D^ 
I, K s take 3 parts AP in your compafles, and 
with one foot in A defcribe an arch P; then with 
extent AK (or 5 parts), and one foot in 1, 
crofs the arch P ; then irom the point of inter- 
feftion P to A draw PA, which is -^ to AB (Cor, 
3. 21. II). 

It will be the fame thing, if you fet AI from. A 
to P, and AK from D to J*. 
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P |l O B. XL FIG. 

Frqm a w^en foint V^' to let fall a perpendicular 239* 
upon a given tine AB. 

From the ccBtcr P defcribe ,an arch to cut AB 
in E and F. From E and F, with a proper dif- 
tance, dcfcribe two obfcure arches to interfe6t in I, 
then through P and I, draw PC ; which is pcrp, to 
AB (Cor. 3. 3. li}. . 

. Or thus. 

From ^ point A in the line AB, with difl^nce 240. 
AP, cjefcribe the arch PI ; like wife /rom another . 
point D, in AB, with d|ftance DP, .defcribis t^jp 
arch Pr to cut the former in L D^rajv PCI, ao^ 
PC is J. to AB. 

For if AP, AI be drawn, thet) PC '= CI, and 
AC ^ PI (Cor. 3. 3. 11/ and 8. II). ^ 

P R O B. XIL 

^0 divide the given Hf^ AB info any nun^er of 241. 
$qual parts. 

Draw any indefinite line AP, on which fet ^he 
equal parts AL, LM, MN, NP. Draw PB, and 
through L, M, N, driw LD, ME, NFfl to l^B. 
Then AD = DE = EF = FB (12. II). 

Otberwife. 

l^rom the ends A, B, of ihe given line, draw 242. 
two lines AP, BK as long as you will, parallel to 
one another. Then fet any^qual parts from A 
towards P, mnd likewife frotxHB towards K. Th(?n 
; draw lines betwepn the corrcfpondcnt points, NG, 
MH, LI, which will diyide AB into the equal 
parts AD> DE, EF4 FB (12. 11). 

M ^ Or 
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i6a Tbe ELEMENTS 

FIG. Or thus. 

,243, Let AB be given to be divided; driw QP Rta 
AB. Set any equal parts, from C to L^ L to M, 
M to N, and fronl N to P. Draw CA and PB 
to interfe6t in G 5 and draw GL, GM^ GN, td 
cut AB in D, E, F. Then AD, DE^ EF^ FB 
^ are all equal (Cor. 13. II). 

P R O B. XIII. - 

^44. To divide a given line AB, in proportion as another 

line AC is divided in D and £• 

/ 

Let AB and AC be joined at A, making the 
angle BAC j .draw CB ; dnd through D, E, draw 
DF, EG II to CB. Theft wiU AF i AD ; : FG j 
DE : 1 GB i EC (Cor. 2. it. It). 

I* R O B. XIV. 

245« 7*d find a third prop<)riiotial to two given lines i 
AB, AD. 

Join AB^ AD at A, fo is to make an angle 
BAD. Produce AD, and make AC = ADj and 
draw CE || to BD ; then AE is the third propor- 
tional. For AB : AD : : AC or AD : A£ ( 1 3. II> 

P R O B. XV. 

246. i^o find a fourth proportional to three ghen Unes^ 
AB, AC, AD. 

Let AB, AC make any angle at A, apply the 
third line from A to D. Draw BC, an<| DE 
11 to'BC;. then AE is the fourth proportional. 
ForAB : AC :J,AD : AE (15. II). 



PR OB. 
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/ 

P R O B. XVi. ■ FIG. 

To find a mean proportional between two given lin'es^ 247. 
AB, BD. 

Let AD be the fum of the two lines AB, BD ^ 
. (4) ; bifed'AD in C. With center C, and radiu^ . 
CA or CD, defcribe the femicircle AED. From 
B ere6t BE -^ to AD, to cut the circle in E ; then 
BE is the mean proportional fought. 

For AB : BE : : BE : BD (17. IV). 

Or thus. 

Let BA be the greater, bifedt it in C, and from 248* 
the center Q^ with radius CA or CB, defcribe the 
femicircle BEA. Let BD be the leffer given linei - 
Ereft DE -*-, to BA (9), to cut the circle in E, 
draw BE,, which is a itiean between BD and BA 
(Cor. 17. IV). 

P R O B. XVII. 

to divide the given line AB in extreme and^ mean 2 49* 
f report ion. 

Draw EAF ^ to AB, and make AE = i AB, 
ana draw ^B, arid make EF = EB, and AG = 
AF. And G is the point of divifion. 

For AF = EF — fiA (Conft.), that is, AG = 
EB — EA, and AG + AE^ = EB (Ax. 3),- that 
is, AG + 4.AB = EB -and AG' + AG x AB 
•4- tAB' = EB' (10. 1), and AG' = EB* — AG 
X AB — EA» (bccaufe ^K^* = E A') = ABV 

^ AB X AG (Cor. 2 1. II) = AB x AB — AG 
5= AB x BG, therefore .AB is out in G, in ex- 
treme and mean proportion (Def. 11. Proportion). 

M 2 Or* 
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164. fiStf ELEMENTS 

*■ I °.- Cer, AG = AB X i^^^-. W BG = AB x 
249. 2 

3 — */5 



AR 

For EB or EF = V-^AB* = ^v'5, and AF or 
AG = EF — iAB = AB X ^^~\ 

2 

■ Alfa BG = AB — AG = AB X ^~">^^+' 

' _*/ * 

= AB X ^ ^ - ^ , . . ' 

P R O B. XVIII. 

250. In atiy triangle ABC, /^ draw a perpendicular from 
0ny angle A to its oppofitefide CB. 

About either of the other fides AB^ defcribe a 
femicirclc ADB, to cut the fide CB in D. Draw 
AD, which wiU be -i- to CB (14. IV). 

P R O B. XIX. 

251. Vpoh a given line AB, to make an equilateral 

triangle. 

Take AB in yoiirjcompafles, and with one foot 
in A and S, defcribe two arches to crofs each other 
at C. Draw AC, BC ; and ABC is the triangle. 



^ * 



. ,P R O B. XX; 

252. . ?b make a triangle of three given lines A, B, C; 
of which any two muji ^e greater than the third. 

Draw DE =: the line A ; then take B in your 
compaflTes, and with one foot in E defcribe an occult 
arch F. Then take C in your compafles, and with 
one foot in D, crofs the former arch at F ; draw 
DF, EF 5 and DEF i$ the triangle required. 

Cor. 
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Cor. After the fame manner y a triangle is maie FIG, 
equal to a given triangle. , 25 2. - 

P R.O B. XXI. 

' TV tmke an ifofceles triangle ABD, whofefide is the 253. 
given li^e AB ; and angle at tbebafe^ or D, double 
to that at the top A. , 

Let AQ be the greater part of the line 'AB 
'divided in extreme and mean ratio (17). From 
the center A through' B, defcrib^ the circle B J ; 
and with extent CA, and pnc foot in B, crofs the 
circle in D •, and draw AD. Then ABD is the 
. triangle fpught. . . 

' For draw CD ; then fince AB : AC : : , AC : 
CB (Def. II. Proportion), that is, AB : BD :: 
Bb : BC -, therefore the triangles Al?D, BDC are . 
fimilar (14. II), and BD = DC = CA. Whence 
the z.Bor BCD= Z.A + CDA (i/ll) = 2^ A 

, Cor. The angte A is ^ of a right angle. 

P R O B. XXII. 

ji triangle ABC being givfn ; to reduce it to uno* 2 54.^ 
ther of a Afferent bafe^ AED. ' . ' ' 

Let AE be the bale propofed, being in the fame 
line AB. Draw the Une CE, frocn the top of the 
igiven triangi^, /to the point E propofed. And 
through z. B of the giyen triangle, draw BD l( to 
tE ; draw t^e line tm. Then the triangle ADE 
= ACB. 

For triangle D]5E = triangle DBC (10. JI). 
Add ADB, then ADB + BDE or ADE =: ADB + 
BDC or ABC. 

' Cor. ^hus a triangk may,i>e f^duejed to another of 
M different higbt. 

M 3 P R O B. ' 
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i€6 fA^ ELEMENTS 

TIG. P R O B. XXIII. 

255. To divide a triangle ABC, in avy proportion^ by a 

line drawn from nn angle A. 

^ Divide thcf bafe, or oppofite fide BC, in D, ia 
the proportion given (13); to D, . draw the line 
AD •, which divides the triangle ABp, in tl^efamc 
given ratio (u. II). 

P R O B. XXIV. 

^56, To reduce a polygon ABCDE to fewer ^des^ 

To take away the angle B ; produce the next 
fide EA, the A draw the diagonal C A, and from B, 
' draw BG || to CA, to cut EA in G ; and drawCG, 
which takes in the triangle CAG, inftead of its 
equal CAB (10. U)* So the polygon becomes. 
GGED. 

Cor. By thus taking away one angle after another \ 
^ - any polygon may^ at laji^ be reducea to a triangle. 

PRO B. XXV. 

*57* Upon a given line A, to make afquare^ 

Draw BC zi A, take A or BC in your com- 
pafles, and with one foot in C, defcribe the ar(;h 
BED i and wdth one foot in B, the arch CEF. 
Set the fame extent from the interfeftion E to F; 
draw CF to cut BE in G ; make ED and EI z: 
EG ; and draw BI, ID, PC, and BIDC is the 
fquare required. 

For if CE, BE, BF be drawn, aBCE= ^4 

right apgle (Cor. 2. 3: II). = CBE =: EBF, and 

. aECF = 4 a right one (12. IV), therefore ECD 

^ i a right angle, and. BCD = a right angle. 

•- - 
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Or thus. FIG. 

Make BC *= A, draw CD J- and = CB (9) ; 257, 
with extent BC,- and one- foot in B, defcribe an 
arch Is with the fame extent and one foot in D, 
crofs the arch at I j draw BI, IDj then BIDC \% 
the fqyarc. 

P R O Bf XXVL 

With two given lines A, B^ to make a reUanglt, 258, 

Make' the bafe CD = B, draw CF perp. tQ 
fcD (9), and zi A •, with the extent B, ancf one 
foot in F, defcribe an arch E ; and with extent A, 
iand one foot in D, crofs the arch at E ; draw FE, 
EDj and CFED is the rcdangle fought. 

P R O B. XXVII. 

y> make afquare equal to a given re£iangle AQGD. 259. 

Produce the fides AD, CD, and make? E|F = 
DC; bifeft AF in I,' and with radius I A or IF, 
defcribe the feniicircle AEF to cut CE ia E. On 
BE 'make the fquare DH, which will be equal to 
the reftangle AC or AD x DF (17. lY). 

P R O B. XXVIII. 

^0 make a parallelogram equal to a triangle given 260 
.ABC ; and having an angle^ equal t^ a given amgle D. 

Through A draw AG || to BC, and make the 
aBCG = D^, bifeft BC in E, and draw EF || to 
^G ; then the parallelograni EQ =;;= triangle ABC 



M 4 P R O B. 






]6d 5%1ELEMENTS . 

f 

tia. P R B. ±XIX. 

16 1 < VpCTt 'a givm ri^ht like A^ io make ii fanrMdo^i 
equal u a given triangle B % bitviff^ aii arngki iipeal 
to a given one Cs 

Make a parallelogram GE rr triangle B (28), 
whofe angle G r: C ; produce DG, EF, DE, 
GF ; and make FH == A 5 through H," draw IL 
II to EF^ to meet DE in I \ draw JFK, to cut 
" DG in K i through . K draw KL || to GH, meet- 
irig EF and IH in M and L. Then the parallelo- 
grim MH =: B. 

For parallelogram^ MH = GE (4. Ill) = B 

(Conftr.). 

Or thus, 

l6t4 LetB be the giv'en triangle ; produce the bafe, 
and draw f G, parallel thereto ; make the ^DCG 
, ' ;2: C, and CI r: bafe of the triangle B. Then tri- 
angle CGI zr B (10. II); make CD n A, and 
make triilngle CKD = CGI (22)1 bifeft CK in 
H5 draw HL, DL [1 to CD, CH j. then CL is 
the parallelc^riam fought* 

For CHLD == trianglfe CKD (7/ HI) = CGI 
(Conftr.) = B. 

P R b B. XXX. 

463* Upon a given right line FG, to make a par allele- 
gram equd to a given polygon BACD, having an angle 
equal to a given oneE, 

Divide the polygon into triangle^ CAB, CBD. 
Make the angle GFK rr E > and make the paral* 
lelogram Gl = triangle CAB, and HK = CBD 
(29). Then parallelogram FL :;;:: CABP. 

^ Cor. 
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Cor. I. Heme a fquare may'^e made equal to^fty FIG. 
given polygon \ by making u re&a^gle equal to thepo];^^ 263. 
gofty and tbm afqUQX^' equal to the rectangle (27), 

Cpr. 2. thus a parallelogram may he, made equal ta^ 

t be /urn or difference of two given polygons. ^ 

Ik 

P R O B. XXXI. 

To makf a fquare equal to the fum of two fquares. 2^4. 

\ 

Make FBD a right angle -, make B A = fide of 

,one given fquare ; BC = fide of t^e other fquare, 

draw AC ; then the fquare made on AC, is equal 

to the fum of the fqyares made upon AB, and 

BC (21. II}, , 

Cor. jffter the fume manner a fquare may he found 
equal to three or more fqunres. For draw OC -^ to 
AC, and equal to the Jide of a third fquare^ and draw 
AO. rben AO* = AC* -f CO* =.AB* + BC* 
+ GO (ai. 11); and fo on. 

P Jl O B. XXXIL 

TV make a fquare equal to the difference of two ^4* 
fquares. 

Make the right angle FBD ; fet the fide of the 
lefler fquare from B to A ; take the fide of the 
greater in your compafles,' and feting one foot in 
A, with the other crofs the line BD, in C. Then 
CB is the fide of the fquare ^quai to the difference 
of the fquares (Cor. 21. ]!)• 



P R O B. XXXIII. 

To find the proportion of one polygon A to another B, 

Find two fquares equal to the two polygons 

A, B (Cor. I. 30)5 let CF ,be the fide of the 

2 . firll, 



265, 
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PIG. ftrfti and draw FE J- to it, and equal to the fide 
• 0^5. <rf the fecond. Draw the Ijypothenufe CE ; froni 
F, let fall the perpendicular. FD upon it: then 
CD : DE : : polygon A : polygon B. 

For CD : DE : : CP : fE* (Cor. 4. 20. II) 
: ; A : B (Coaftr.). . 



P R O B. XXXlV. 

%66. To make a triiimle equeil and fimilar fo a givia 
trian^e Ji&C. 

i 

Draw any line DE, and make DE = AB ; then 
with extent AC, and one foot inD, dcfcribe an occolt 
arch F. And with extent BC,' and one foot in E, 
crofs the arch at F; draw DF, EFj..and DEF is 
thj? triangle required. (8. II). 

Or thus. 

Make the Z.EDF = BAC, and DE = AB, zx^ 
DF = AC, and draw EF, And DEF is the tri^ 
angle fought (6. II}; 



P R O B. XXXV. 

267. ^0 make n plane figure equal and Jimilar to another 
ABCDEF. 

In any linfe AF, take two marks or points M» 
N. Alio in the line af^ take mn ==: MN. With 
the diftances from M to B, C, D, &?f, and one foot 
in iw, defcribe as many arches ; then with the 
diftances from N to B, C, D, fc?f, and one foot in 
w, crofs them in b^ r, J, e^ &c. make ma = MA, 
nf =. NF ; and draw the lines nh^ hc^ cdy de^ ef^ in 
like manner as the correfpondent lines are drawn 
in the other figure j and it is done. 

Ok 
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Or thus. PIG. 

Let the given figure ABCDE be divided into 268. 
the triangles BAC, CAD, DAE. Then make 
triangle GFH i^-BAC, HFI = CAD, and IFK 
= PAE (34.). And the polygon GK will be equal 
^nd fimilar to BE^ 



P R O B. XXXVI. 

^0 fffah a polygon Jtmilqr to another ABCDE, 269; 
find in the given ratio of AF to AB. 

Find AG a mean proportional between AF and 
AB. - Draw the diagonals AC, AD. Then from 
G, draw GH, HI, IK parallel to BC, CD, DE. 
And AGHIK is the polygon. ' 

Vot the correfpondent triangles in both being 
fimilaf, the polygons are fimilar (Cor. 2. 19. III). 
Alfo AF ; AG : : AG : AB (Conftr.), and AF : 
AB : : AG* : AB* (23. Proportion) : : polygon 
GI : polygon BD (20. Ill), 

Otberwife thus. 

Make PQ^zz AG •, alfo make the angles QPR^ 26:9. 
RPS, SPT, refpeftively equal to B AC, C AD, DAE. 270. 
And make the angles (^ R, S, T fucceflively zz 
B, C, D, E. And the polygon PQRST is that 
fought. 

' For each of the triangles in one figure is fimilar 
to each in the other (Def. i o. II) ; and therefore 
the polygons are fimilar (Cor. i. 19. III). 

Cor. And thus a polygon is made upon a given line 
AG or PQ, fimilar to another polygon ABCDE. 
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J JO. t* R O B. XXXVIL 

t^o. To make a fofygcn TQefnal tf given pfie jF, and 
271. fimlar to another ACDgB. 

Upon SA make the rea;ai>gje BM =: Bi^CDE 
(30) ; and upon BH make the r€<9:angle BI = F 
{30). Take PQ^a mean proportional between BA 
and BR (16); and upon PQj^ make the polygon 
PQRST fimilar to B4CD£ (Cor. ^) ; and TQj% 
the pcdygon foughj =; F. 

For polygon Bo : polygop PS : :' BA* : F(y 
(20. Ill) : : BA : BR {23. Proportion) : : BM 
or polygon BD : BI pr polygon F (8. III). 
Therefore polygon PS :5c F (A*. 7. Proportipp); 

Cor. If the polygon TQ^was to be to F, m the 
^iven r^tio of R /i? S ; it is done the fajme w^ \ only 

the paralkldgram BI m^fi be made = ^^ x F. 

P R O B. XXXVItl. . 

To find the center of a circle ADF. 

^73- t)raw any line AD, and bifeft it in B •, through 
B draw GBF -i- to AD. gifea: GF in C^ jfqr the 

center (Ccc. !• %. IV}. 

Cor. By the fame rule, the arch AGD v iife^cd 
(Cor. I. 2. IV). 

P R O R XXXIX. 

274. Through three given points A, B, Fy t^ defcribe a 
circle. , 

Draw AB, BF, and bifea th^m in D, €. Thr^)'^ 
D and E, draw the perpendiculars DC, EC, to 
^ meet in C. C is the center (Con i. 2. IV). 

Cor. 
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Cor. If an arch of a circle be given ; the center FIG* 
may be^ fottndy by taking three points in that arch, 274. 
jind then the circle may be com^leated. 

P R O B. XL. ^ ' 

. To draw a tangent to a circle from d given point A. 275* 

From the pmnt A to the center C» draw the 
Jine AC, bifeft AC in D. With the radius DA . 
or DC, defcribe a femicirde to cut the circle in B. 
Draw AB, which. will touch the circle in B (lo and 

14- IV). 

P R O B. 5CLJ. 

Upon a right line AB, to defcribe the fegm^t of a 2 76* 
circle^ which Jhall contain an angle AIB, equal . to a 
given angle C. 

Make the angle BAD = C. Through A draw 
AE -^ to AD. At the other end B, make, the Z-ABF 
IT BAF, to cut AE in F. From the center F, 
with radius FA or FB, defcribe the fcgment of a' 
circle AIEB. Then^AIB=C. 

For AF = FB (Cor. i. 3. II) 5 and z. AIB = 

BAD (16. rv) = C. 

Or thus. . : . 

Cut out a piece 6f wood, fcf r. with two ftraight 
fides, making an ingk equal to 'C. And placing 
it between the fixt points A, B -, move the angular 
point about, while the^fides. Ifnbve clofe ^by the 
points A, B •; then the angular. point wiUdefcribe 

the arch AIEB. ' 

•> 

Cor. In the fame manner a fegment is 9ut offfr&m 
a circle^ to contain a given angle ; by drawing the 
tangent AD at A, and making the angle BAD =: C. 
Then AIEB is the fegment. 

P R O B. 
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FIG. P R 6 B. XLII. 

277. In a circle AEC, to infcribe a triangle Jimilar /I 
a triangle given^ DFG,, 

Draw LK to touch the circle at A ; make 
iJLKAC = F, and a LAB = G. Draw BC, and 
the triatigleBAC la fimilar toFDG (16. IV), 

P k OB. XLTIL 

278. ^^ ^ given triangle ABC, to infcribe a circle.. 

Bifeft two angks B, C, with the lines BD, CD, 
meeting in D. Let falj DF .-*- to BC. With 
radius DF, and center D, defcribe the circle FEG, 
which will touch all the fides of the triangle ABG 
(Cor. !• 35, II). 

P R O B. XLIV. 

279. About a given circle ABC, to defcr'ibe a triangli 
Jimilar to a triangle gvveni DEF* 

r 

1 • . ■ . 

Produce the fide EE both ways, to G and H* 
At the center I, make z. AIB = GED, and BIC 
=: DFH. Then to the points B, A, C, draw 
three tangents .to the circle, to interfeft in the 
points L, M, N. Then the triangle LMN, is 
fimilar to EFD* 

For fince the Zs at A, B, C arc right angles ; 
Z.L+ AIB = 2 right angles (Cor. i6. Ill) = 
GED + DEF, and taking away the equal angles 
AIB, and GED ; then Z.L = DEF. For the 
fame reafon M = DFE, f onfequently N =r D. 
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m 

P ?. B. XLV. FIG. 

^aut a triangle KQCt to defcribe ' a circle. . 280. 

Bifeft any two fides, AB, BC, in D and E. 
Raife xhe perpendiculars DF, EF, to interfed in 
I*. From F as a center defcribe a circle through 
B, which will pafs through A, C (Con 32. H). 

Cor. In an acute-angled . triangle, the center is- 
'Uoitbin the triangle \ . in an obtufe one^ without (Cof. i. 
14. IV). ■ 

P R O B. XLVL: : 

In a given circle ^^ CD ^ to itifcriheTin equilateral iSu 

triangle. . ' ' 

Draw thd tJiametei* FB. WitK.rfie radius BA 
and center B^ defcribe two arches- G, D, 50 cut 
the circle in C and'D. .Dra^^^ the lines CD, DF, 
FC. Arid CFD is an equilateral triangle. - * 

For arch CB or BD ,r= 4. the circumference (45. 
IV) 5 therefore CBD = 4. = CF = FD- 

PRO B. XLVir. 

^ In a given circle ABCD, /^ infcrihe a fquare^ or 284. 

tegular o£iagon. . » 

' Dfa^ the ditoietefs AC, BD at right angles to 
Cne another, cuting the circk in A, B, C, D; 
Draw the lines AB, BC, CD^ DA ; and ABCD 
is a fquare (Cor. 2. 6. IV)- 

If the diameters FG, HI be drawn, bifeAing 
the arches AFB, AHD, DGC, CIB. Then AF, 
or FB, £f?r. will be the fide of the oftagori- 

' Cor. If AF, FB, fc?f. be bifeifed, a polygon of 
16 Jidesy will be infcribed; and fo on. 

:4 PR OB. 

* i 
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riG. P R O B. XLVIir. 

iS^. In a gi'den circle ADBG, to infer ibe a regular peth 
tagoH^ or decagon. 

Draw the diameter AB ; from the center C draw 
CD ->- to AB ; bifedl CB in E -, and make EF = ED, 
and draw DF, which will be the fide of the pen- 
tsigon ; therefore if DH, HG, C^c. be made zr Df , 
PHGIK will be the penugon required. Alfo FC is 
the fide of the decagon ; therefore if DL, LK, fcf^, 
be made = CFj a regular decagon will be in- 
icribed 

ForDF* = DE* + EF* — 2FE x EC (23. Jl) 

= 2DE» -- 2X)E X EC = ^DE» — DE x DC. 

• But DE» = DC* + CE* (21. II) = |DC% and 

■ DE = ■iDCv'5.: Therefore DF* =: |DC» — 

S^Vs = DC* X ^^^. Therefore DF is the 

fide of a pentagon (44. IV). And - FC is the fide 
of a decagon (48. lY). 



P R O B. XUX. 

( •. * * * 

284. ^» ^ ^^w» anl^ ACE, ro infirihe a re^lar 
hexagon. 

Make AB, BC. CD, DE, EF and FA,' all eqqfl 
to the radius AG : and drawing the lines, the figure 
ABCDEF is a hexagon (45, IV). 

Cop. If the arcb h'&be hife£leBt you will have tii 
Jide of a rtgular dodecagon. 
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P R O R. L, F I (B 

. Ahotit a given circle ABC, u defcrihe a ngulajr 285. 
polygon. 

Either infcribe a polygon of the fame fort, or 
(fiyidc the circle into fo many equal parts AB, BC, 
iSc. as the polygon has fides* To the points of 
divifion, draw the radii GA, GB, GC, &f^. To 
thefe lines at A, B, C, (^c. draw tangents to the 
circle, KD, DE, EF, ^c. to interfea in D, E, F, 
&fu then JDEFH IK is the polygon required . 

For if GD, GK he fuppofed to be drawn, 
AK = AD. and ^K = ^D (7. II). Alfo 
DA = DB (Cor. 4, i I . IV), whence KD = DE = . 
EF,§f., 

• P R O B. LI. 

73? inffr^e a circle in any regular polygon ; or defcrihe 3^5. 
^ circle about it. 

Bifed any two adjoining angles D, K, with the 
I^WsDGo ICG, and they will rfjeet in the center G. 
Or l;;^^ any t;wa adjoining fides, DK, DE, with 
the perpendiculars AG, BG, which will meet in the 
I3erip2f Q. Talce GA the neareft diftance to any 
fi^e, and from G defcribe the circle ABC, which 
wiU touch all the fide^ qf the polygon DH. 

Likewile bifeft any two angles A, B, with the 284, 
lines AG, BG, which wili meet in the center G. 
Or bifedt any two fides CD, DE, with two perpen- 
diculars meetinjg in.G, the center. Then from A 
with diftance GA defcribe a circle ABCE, which 
will pafsjthrough all the angles pf the figure. 

Gor. A circle may be infcrikd^ or circumfcri^ed^ U 
any regular polygon. . 

N PROB, 
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FIG. P R O B. LII. 

2S6. ^0 defcrihe A polygon in one circle ASD^^ wbicb 

287. Jhall bejftmilar to a polygon FGJ ^defcriied in another^ 
GiK 5 regular or irregular. 

Draw lineis from the center P, to all the angles of 
the polygon, as PF, PK, PI, €s?f. Then at the 
center O, of the other circle, make the angles AOE, 
EOD, DOC, COB, BOA,, rcfpeaivcly equal to 
FPK, KPl, IPH, HPG, GPF^ Draw lines between 
the points A, E, D, &fr. Then ABCDE is fimi* 
lar to FGHIK (Cor. i. 19. III). 

Cor. jiffer the fame manner^ a polygon may he de- 
fcribed about one circle^ f^^l^ar to a polygon defcribed 
about another circle* 

P R O B. LIII. 

288. From a given point A on high j to let fall a perpen;- 
dicular to a plane BC. 

In the plane BC draw any line DE; l^'rom A 
draw AF -*- toDE. Through F, draw FH -«- alio 
to DE. Then let fall AI perp. to FH. Then AI 
is -*- to the plane BC. 

For DE is J- to the plane AFI (4. V). And if 
KL be II to DE, then KL is J- to the plane AFI 
(6. V): Therefore AI is ^ to the plane HIL or 
BC (4. Y). ' 

Otberwife thus. 

289. Defcribe a circle BFD, from the point A, upon 
the plane, with a pair of compafles or a ftring. ' Then 
find the center L of that circle (37, 38' VIII) ; 
and AC is '■^ to the plane. In pradice yoi( neec) 
only e>t-nd frpm Ap to three points of the plan;, 

PROB. 
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P R O B. LIV. -FIG. 

From a given point A, in a planeBCy to raifea per- 290. 
penditular. 

From Ibme point D, above the plane, draw 
DE -J- to the phnci (^2). Draw AE< and draw 
AF 1) to ED. Then AF is perp. to the plane 
BC (6. V). 

Both this and the laft Prob, may eafily be done 
with two fquares : fettingthem crofs one another^ 
and both of them cloie to the point A. 

# ■ ■ • - 

prob.lv. 

To irdyi oiu plane pahilkt to another DE> 4/ a given 291. 
diftance. 

V 

Take three points A, B, C in the plane DE, but 
not in a right line. At thefe points eredt three per- 
pendiculars AI, BK, CL, to the plane DE {^i) » 
arid bf equal lengths, the fame as the given diftance. 
Through I, K, L, draw the plane FG, and it will 
be parallel to DE. 

PR OB. LVl. 

To dralv a ptafU perpendicular to a right line AB, 29^] 
at o» 

Draw two lines CD, EF pcrp. to A^ at B. 
Through C, E^ D« draw the plane C£DF, which 
is Ji to AB (4. V). 



N 2 P R O B. 
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Throttxh any two lines. AB» CD, inclined to one 
another i which do not interfeSi i to draw two planes 
perpendicular to one another. 

Through any point E of the line AB; draw 
EF II to CD. Through the lines AEF, let ^hc 
plane AEBF be drawn. From any point C, in the 
line CD, let fall the perp, CI, upon tlie plane AFB. 
Draw IH H to FE, to interfea AB in fit. At H 
let faU HG J- to CD. Then the plane CIHG will 
be perp. to the plane AFH. 

, For CD is || to IH (8. V). - And fince^ CI is 
perp. to IH, it is alfo 4- toCG (3. I); Therefore 
CI, HG are parallels (Cor. 3, 4. 1) ; and HG -*- to 
the plane AFB (6. V). Therefore the plane DCIH 
is perp. to the plane AFB (7. Def. V). 

Cor. I. The right UneGH is perpemUadar to htb 
lines AB, CD. 

■ f 

V 

For it is -Jt- to CO (Conftr.), and it is -*- to the 
|>lane*AHl^ and therefore to AHB. 

Cor. 2. GH is the neareft diftance between the two 
lines AR and CD. 

For the point H is nearer G, than any other point 
in the line AB (Cor. 4. 21. II), And G is nearer 
H than any point in CD. 

Caii ^.Hmce no two litks can ftffibfy bt drenvni 
hut another line may be drawn^ which is perf* U them 
hotb. 

Cor. 4. And no two lines can be drawn^ but two 
planes may be drawn through tbem^ perpendicular to 
one another^ 

Cor. 
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Cor. 5. The given lifu CD, is parallel t^ the plane F I <*- 
AFB, pajfmg tbrongb the ttker Im A». ^iUr 

• For it is parallel to HL ^ 

PR OB. LVIII. 

r * . 

through any two ineUned UneSy w%icb cut not cm iQj* 
another^ AB, CD ; to dratv ttbif parallel f lanes 
tbrouzb them. *■' ' 

Draw the plane HiCD and BIFA perp* to o« 
another, and paffing thrDugh thfe t\v6 given linei 
AB, CD (56). Then through CjG ' at 3ie diftance 
GH, draw a plane -*- to GH (54), and it will be 
parallel to the plane ABF (Def. '10. V). 

Cor. I. ^e line GH, (which is perpendicnl^ ti 
both the ghen tines ^ A B, CD;^ is the diftanct ^f the 

two parallel planes. • •. 

Cor. 2. No two lines can he drawn^ iut there ntgy be 
iwo plants drawn ibr^b tim^ parallel Po me mo^ 
tber. 

P ROB. LIX. 

To make a folid angle BAD, of three given plane 294*^ 
angles^ who/e fum is, lefs than four right angles^ and 
any two greater than the third. 

* 

There is no more to dp than to join all thisir 
fides AB, ACi AD, together ; fo that the vernces 
or angular points may all meet together; in A \ thea 
A is die fohdiangli requked (Con 19. V)* 
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fIG. ^ R O B. LX. 

295* To wake a Jolid angU^ equal to any folid angU 
giveny A. 

Cut oflT the given &Iid angle A, by. a plane 
BCDE; and from the given phines, make the 
angles QPR, RPS, SP1\ and TPOrcfpcftively 
. equal to BAC, CAD, DAE, and EAB i alfd 
make i^Qj PR, PS, PT refpeftively equal to AB, 
AC, AD, AE. Then the plane triangles in one, 
will be eaual to the triangles in the other* Then 
place the udes PR, PS, &r. together as in the other 
iblid angle A, fo that all their angular points 
may meet in P ; and likewife fo that the angles 
Q, R, S, T, may be refpedively equal to B, C, D, E. 
And then the folid angle P will be equal to the folid 
angle A. 

For all the 3 angles at Q^ being equal to thoic 
at B; and all the three angles at R, equal- to 
/ thofe at C, &r. The folid angles . at B, C, 
D, E, will be equal to thofe at Q, R, S> T 
(Cor. 19. V). And confequently Z.P muft be 
equal to A. 
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P R O B. LXI. 

%^6. Upon a given Une AB, to defcribe a paraU 
lehpipedon^ Jimilar to a^^^given paralUlopipidon 
CD. 

Make the folid angle A equal to ^he iblid angle 
C (59) \ alfo make as CF : CE : : AB : AH j and 
CF : CG : : AB : AI. Then finifti the-parallelopi- 

pedon AK, by drawing the planes KI, KH, and KB, 

parallel 
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parallel to the oppofitc ones BH^ BI, and IH- Then JF I G. 
IB is fimilar to GF. . * Z^J. 

For their folid angles, are eifiual, ahd the 
fides proportional, and therefore they are fimilar 

(2?. VI). 
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Thefollowirig^pO'KS were written by the \m 
. 'Mr. TffOMASySiMHON, F. R. S* and primed 
for J. NouRSE, . 

I, TJ^SSAYS^OKjEyERAL curious akd useful Subjects, 

■JJ^ IK SPBCULA*i'iVB AND MIXED MaTHEMATICKS ; in 

whkh the moft difScult P'roblems of the iirft and fecond Books 
cf Ne^toiCs Frituipia are explained ; in 4to« 

II.' Mathematical Dissertations on a variety of Phy- 
. fical and Analytical Subjects, in 410. 

JIL Mils cell ANEOUf Tracts on fomc curious and very 
ihtereftrng Subjeds in Mechanicks, Phyfical-Aftronomy, and 
Speculative Mathemalickl^ in 4t0y 175^^ 

• 

rv. The Doctryne of Ankukti^s and Reversions, 
deduced from general and evident Principles ; with u/efu! 
Tables, (hewing the Values of £ngle and joint Lives, (sTr. in 
^vo* * 

Y* A Treatise of Alqebra ; wherein the fundamental 
Principles are fully and clearly demonftrated, and applied to 
the Solution of a great Variety of Problems, and to a Number 
of other ufefal Enquiries, Second Edition^ in 8vQ* 

VI* The Doctrine- and Application of Fluxions : 
containing (beiides what is common on the Subje£l)^ a Number 
of niew Improvements in the Tlieory, and the Solution of a 
Variety of new and VCfy intereftiog Problems in, different 
Branckes of the Mathematicks. 2 Vcds. 8vo. 

VII. Trigonometry, Plane and SphehicaI, with the 
ConihAdticm and Ap{^icdtio|B.of Ii:>|arithm%, in 8V0. 

VIII. Select Exercises for young Proficients in the Ma- 
themadcks ; containing, bcfides a Choice Coljedion of Pro- 
l)lems, both algebraical and geomctxical'^ the whole Theory of 
Gunnery ; a very accurate and fuccin^ Demonftration of the 
lirft Principles of Fluxions ; and a Sef of Tables for the Valua- 
tion of Annuities and Reveriions, more comprehenfiye than 
any extant. 8vo. 

IX. 'Elements of Geometry ; with, their Applicatiwi to 
the Menfuration of Superficies and Solids, to the Determination 
of the Maxima and Minima of Geomeuical Quantities, and 
to the Conftruftion of a great Variety of Geometrical Pro- 
blems. The Second Edition, with large Alterations and Ad- 
ditions. 
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